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Abstract

Agents are minimally entities that are influenced by their past observations and act
to influence future observations. This latter capacity is captured by empowerment,
which has served as a vital framing concept across artificial intelligence and
cognitive science. This former capacity, however, is equally foundational: In what
ways, and to what extent, can an agent be influenced by what it observes? In this
paper, we ground this concept in a universal agent-centric measure that we refer to
as plasticity, and reveal a fundamental connection to empowerment. Following a set
of desiderata on a suitable definition, we define plasticity using a new information-
theoretic quantity we call the generalized directed information. We show that this
new quantity strictly generalizes the directed information introduced by Massey
(1990) while preserving all of its desirable properties. Under this definition, we find
that plasticity is well thought of as the mirror of empowerment: The two concepts
are defined using the same measure, with only the direction of influence reversed.
Our main result establishes a tension between the plasticity and empowerment of an
agent, suggesting that agent design needs to be mindful of both characteristics. We
explore the implications of these findings, and suggest that plasticity, empowerment,
and their relationship are essential to understanding agency.

1 Introduction

Two capacities represent fundamental aspects of any agent, regardless of its design, physical substrate,
or goals: In what ways can the agent be shaped by what it observes? And, what things can an agent
do to shape aspects of its observable environment? A system that entirely lacks either capacity—for
instance, a machine whose outputs cannot be influenced by its inputs—is likely lacking agency
altogether (Barandiaran et al., 2009). In this paper, we highlight a fundamental connection between
these two capacities, which we refer to as empowerment and plasticity.

Empowerment. Empowerment refers to an agent’s ability to influence its observable future. For
example, a car with a full tank of gas has higher empowerment than a car with an empty tank, precisely
because the former can realize more outcomes than the latter. The concept of empowerment was first
introduced by Klyubin et al. (2005b) as "an agent-centric quantification of the amount of control or
influence the agent has and perceives" (p. 2). Since its inception, the concept has been expanded
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Figure 1: On the left, we depict the mirror of plasticity and empowerment. On the right, we show the
tight upper-bound on an agent’s plasticity B(\) and empowerment &(\) established by Theorem 4.8:
While values of () and () from zero up to an interface- and interval-dependent constant m are
realizable, their sum can be no greater than m.

to act as a plausible explanation of intrinsic drive in the absence of reward (Klyubin et al., 2005a;
Mohamed and Jimenez Rezende, 2015; Ringstrom, 2023), framed key aspects of safety and alignment
(Salge and Polani, 2017; Turner et al., 2021), skill discovery (Gregor et al., 2016; Campos et al.,
2020; Baumli et al., 2021; Levy et al., 2023), social influence (Jaques et al., 2019), self-preservation
(Ringstrom, 2023), and has played a meaningful role in explanatory theories of how people explore
(Bréndle et al., 2023).

Plasticity. Conversely, plasticity reflects an agent’s capacity to "remain...adaptive... in response to
significant events" (p. 2, Carpenter and Grossberg 1988), and has been studied extensively across
neuroscience, biology, and machine learning. Within neuroscience, "plasticity" often refers to synaptic
plasticity, and reflects "the capacity of the neural activity generated by an experience to modify neural
circuit function" (p. 1, Citri and Malenka, 2008). It is a central building block for understanding
memory and forgetting (Fusi et al., 2005), often studied through the lens of the stability-plasticity
dilemma (Carpenter and Grossberg, 1988, 1987a,b). In other areas of biology, plasticity is treated
roughly as "the power of an organism to adapt action" (p. 531, Wheeler 1910), or more generally
the "environmental responsiveness” of an organism (p. 34, West-Eberhard, 2003). Within machine
learning, plasticity is often studied under the lens of the loss of plasticity, (Dohare et al., 2021, 2024),
which is especially prevalent within neural networks (Lyle et al., 2023; Abbas et al., 2023). Each of
Chen et al. (2023), Raghavan and Balaprakash (2021), and Kumar et al. (2023) further study plasticity
under the lens of the stability-plasticity dilemma in different learning settings. Across all of this work,
it is clear plasticity is an important capacity for any agent—its connection to empowerment, however,
beyond sometimes sharing an information-theoretic toolkit (Kumar et al., 2023), has remained distant.
To this end, we develop a simple, universal definition of agent plasticity (Definition 4.1) that brings
the concept on equal footing with empowerment.

The Mirror of Plasticity and Empowerment. Our first finding is that plasticity is well thought of
as the mirror of empowerment (Proposition 4.6), pictured in Figure 1(a). To reveal this mirror, we
exploit the inherent symmetry in the exchange of symbols between agent and environment, as in the
bidirectional communication model introduced by Marko (1973). This allows us to consider both
the agent and environment’s point of view: How much power does the environment have to shape
the signals that the agent emits, and how malleable is the agent to be shaped by the environment?
These two quantities constitute the agent’s plasticity and the environment’s empowerment, and
Proposition 4.6 shows they are identical. In other words, the concepts of plasticity and empowerment
are well-defined using the same measure, with only the direction of influence reversed. To build
toward this framing, we develop the generalized directed information (GDI, Definition 3.1) as a
suitable formalism for the concept of plasticity under minimal assumptions. The GDI is a strict
generalisation of the directed information (Proposition 3.2) introduced by Massey (1990). Through
a new extension of the conservation law of information (Theorem 3.5), we show that all of the
information exchanged between any agent and environment can be broken into either plasticity
or empowerment. This conservation unlocks our main result (Theorem 4.8), which proves that
empowerment and plasticity can be in tension as pictured in Figure 1(b). Consequently, the design
of an agent implicitly faces a dilemma with respect to plasticity and empowerment. We take this



result to have significant implications for the design and analysis of agents, and suggest that further
examining this dilemma is an important direction for future research. We further highlight the
necessary and sufficient conditions for an agent to admit non-zero plasticity (Lemma 4.2), and exploit
these conditions to prove several intuitive properties hold of plasticity (Theorem 4.3). Collectively, we
take these findings to provide a rich toolkit with which to study agents under minimal assumptions.

2 Preliminaries: Directed Information, Agents, and Empowerment

Notation. Throughout, we let calligraphic capital letters X', ) denote sets, and capital italics
X, Y denote discrete random variables over their respective domains X and ). We let X;.,, =
(X1,...,X,) express a sequence of n discrete random variables, and let [a : b],, denote an inclusive
interval of integers such that 1 < a < b < n. Lastly, we let A(X) denote the probability simplex
over the set X'. That is, the function p : X — A()) expresses a probability mass function p(- | z),
over ), for each x € X. All notation and core definitions are summarized in Table | in Appendix A.

2.1 Directed Information

We assume the basic definitions of information theory (Shannon, 1948) are known to the reader,
such as the Shannon entropy H(X) of a discrete random variable X supported on the set X', and the
mutual information I(X; V') between two discrete random variables X and Y supported on X and )
respectively. We will additionally make heavy use of the directed information, developed by Massey
(1990) and expanded on by Kramer (1998), and Massey and Massey (2005), defined as follows.
Definition 2.1. For any two sequences of discrete random variables, X1., = (X1,...X,) and
Yi., = (11, ..., Y,,) the directed information is
n
I(X1in = Vi) =Y I(X1i5 Y | Yision). e

=1

The directed information is designed to capture the influence that the past elements X; have on future
elements Y;. This notation assumes each X; precedes and is a possible cause of Y;, though if we
want to consider indexing where Y; precedes X; we make use of the < in our notation,

n
I(Yim < Xin) S Y I(Viio15 Xi | Xpaio1). )
i=2

Directed information is particularly useful for analyzing systems with feedback—as is clearly present
in the case of the information exchange between agent and environment in reinforcement learning. In
fact, directed information was originally proposed in the context of the bidirectional communication
theory developed by Marko (1973). We recall two facts about the directed information that we will
later exploit and generalize. First, directed information is non-negative and upper-bounded.

Proposition 2.2 (Adapted from Theorem 2 of Massey, 1990 and Property 3.2 of Kramer, 1998). For
any two sequences of discrete random variables X1., = (X1,...,X,), Y1, = (Y1,...,Y2),

O S H(Xlzn — Yl:n) S H(Xlzn; Yl:n)a (3)
where equality holds in the left inequality if and only if 1(X1.;;Y; | Y1..-1) = 0 and in the right
inequality if and only if H(Y; | Y1.i—1, X1.4) = H(Y: | Yiiio1, X1m), forall i =1,2,...,n.

The conditions for equality on the upper bound indicate that the directed information is equal to the
mutual information when there is only communication flowing in one direction. We next confirm
this intuition by recalling one of the central facts about directed information proven by Massey and
Massey (2005)—that directed information is conserved in a particular sense.

Proposition 2.3 (Conservation Law of Directed Information; adapted from Proposition 2 of Massey
and Massey, 2005). For any pair (X1.n, Y1:n),

H(Xlzn; Yl:n) - H(Xl:n — Yl:n) + H(Yl:n — Xl:n)- (4)
where I(Y1., = X1:n) = Yoo IY1:-15 Xi | X1sim1).

That is, the amount that X.,, influences Y7.,, together with the amount that Y7.,, influences X7j.,, is
exactly the total mutual information between X.,, and Y;.,,. This highlights why the presence of
bidirectional feedback forces I(X1.,, — Y1.,,) to be strictly less than I(X7.,,; Y7.,,)—notice that if
I(Y1., = X1.,) = 0, then we arrive at the identity I(X1.,,; Y1.,) = I(X1., — Yi.0).



2.2 Agents

Alongside the tools of information theory, the primary objects of our study are agents and the
environments they interact with. Inspired by the work on general RL (Hutter, 2004; Hutter et al.,
2024) and following the recent trend to move beyond the Markov property (Dong et al., 2022; Lu
et al., 2023; Bowling et al., 2023; Abel et al., 2023a, 2024; Bowling and Elelimy, 2025), we embrace
a perspective on the agent-environment interaction that is intentionally light on assumptions. Our
starting point is to define a pair of finite sets that characterize the possible signals exchanged between
agent and environment (Dong et al., 2022).

Definition 2.4. The interface is a pair of finite sets, (A, O) such that |A| > 2,|0] > 2.

We refer to each element a € A as an action, and each element o € O as an observation. Together,
these two sets form the space of possible interactions between any agent and environment that share
an interface. Following the conventions of Hutter (2000); Dong et al. (2022); Abel et al. (2023a)
and Bowling et al. (2023), we refer to this set of possible interactions of any length as histories.
To accommodate the case where the environment emits the first symbol or the agent emits the first
symbol, we distinguish between sequences that end with an action and end with an observation.

Definition 2.5. The histories, histories ending in action, and histories ending in observation, that
arise from interface (A, O) are defined as the sets

H défH..A UH. o, (@)
H A= (0OxA)TUAXO) x A, ©6)
Hoo X (Ax0)" U0 x A xO. )

We refer to any element i, € H as a history.

An agent, then, is a stochastic mapping from a history to an action, as in the agent functions introduced
by Russell and Subramanian (1994).

Definition 2.6. An agent relative to interface (A, Q) is a function, A : H_o — A(A).

Lastly, environments are stochastic functions that produce observations for an agent.

Definition 2.7. An environment relative to interface (A, O) is a function, e : H._ o — A(O).

We let A, and &, denote the set of all such functions A and e defined over interface (A, O)
respectively, and let A C A,y and € C &, denote non-empty subsets of Ay or -

Together, an agent )\ and environment e that share an interface interact by exchanging observation
and action signals, inducing the stochastic process A101, AsOs ... A,O,, ... that may carry on
indefinitely. We assume that actions are emitted first, but this is purely for convenience and the
decision is ultimately benign. Under this framing, it is useful to call attention to a symmetry between
agent and environment.

Remark 2.8. Agents and environments, as defined, are symmetric in the sense that swapping sets
A, O converts every agent into an environment, and every environment into an agent. To see this,
notice that an environment, e : H_ 4 — A(O) becomes a function from H_ o to A(A), which is
precisely the definition of an agent.

2.3 Empowerment

Empowerment was first introduced by Klyubin et al. (2005b) as “how much control or influence
an [agent] has” (p. 2). More precisely, Klyubin et al. focus on the open-loop agents represented
by a probability mass function p(a™) € A,» over the sequence of n discrete random variables,
A1 = (A1, Ay, ..., A,). Then, the empowerment of an agent is the maximum mutual information
between this sequence of actions, Aj.,, and the observation produced directly following the sequence,
O,,, as follows.

Ck(Agn,e) = max  [(A1.n;0p). 8)

p(a™)EA n
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Figure 2: A visual of the directed information (left) and generalized directed information (right). In
the case of GDI, the intervals can fully or partially overlap, or not overlap at all. When the intervals
are identical, the two quantities are identical (Proposition 3.2).

Empowerment as Directed Information. Capdepuy (2011) build on Klyubin’s definition of
empowerment by allowing the agent and the environment to both communicate with one another.
Thus, under Capdepuy’s definition, the agents in question can be closed-loop, which modifies the
definition of empowerment in two ways. First, the max is instead taken with respect to a richer
class of functions such as A,j, compared to A,». Second, the mutual information is replaced by the
direction information, as follows,

6C(Aa e) = Iiléi'/}\{H(Aln — Ol:n)- )

In light of its generality, we take the directed information view of empowerment to be the appropriate
starting point.

3 Generalized Directed Information

A significant limitation of directed information is that it requires both sequences X;.,, and Y7.,, to be
of the same length, and start from the beginning of time. Thus, the existing measures do not allow us
to measure the empowerment from one sequence of arbitrary length to another sequence of arbitrary
length. To remedy this, we here develop a new measure that extends the directed information to
arbitrary sequences X, ., and Y. that captures directed information as a special case (Proposition 3.2).
We define this new measure as follows.

Definition 3.1. Let X1.,,, Y1., be sequences of discrete random variables and let [a : b],, and [c : d],
be valid intervals. The generalized directed information (GDI) is defined as:

d
I(Xa = Yea) = Y IXaumin(ei)i Yi | Xiam1, Yiiic1). (10)

i=max(a,c)

As with directed information, this notation assumes X; precedes and is a possible cause of Y;. If we

want to consider the indexing such that Y; precedes X; we again use < in our notation (Equation 2),
def d

H(Xa:b — Y;:d) = Zi:max(a+1,c) H(Xa:min(b,ifl); }/z | Xl:a—l; Yl:i—1)~

To ensure we capture the spirit of the original directed information, we verify that several properties
hold of our generalized definition. Namely, that (1) when the sequences X,.;, and Y,.4 are the
same length and both begin at the start of time, we recover directed information, and (2) the basic
properties of directed information such as the conservation law are maintained. We first note that
when ¢ = ¢ = 1 and b = d = n, we recover the directed information, as desired.

Proposition 3.2 (GDI Strictly Generalizes DI). Leta = c = 1and b =d = n. Then,
]I(Xa:b — Yc:d) = H(Xlzn — Yl:n)- (11)

Due to space constraints, we defer all proofs to Appendix B. Next, we show that if the first sequence
comes after the second sequence, then the GDI is zero.

Proposition 3.3 (Temporal Consistency of GDI). Ifa > d then (X 4., — Y..q) = 0.



Thus, the quantity is only non-zero when at least some of the left-hand sequence of random variables
precedes at least some of the right-hand sequence of random variables, as we would expect.

We next show that we can subdivide the intervals along which we measure the GDI.
Proposition 3.4 (Summation of Intervals). Leta < k < bandc < { < d.

]I(Xa:b — Yc:d) = H(Xa:b — }/C:Z) + ]I(Xa:b — Y'Z-ﬁ-l:d) (12)
= I(Xak = Vo) + I(Xps 1 = Vera): (13)

Since each term on the right is also just a GDI term, we can thus decompose any pair of sequences of
random variables into arbitrarily many valid sub-sequences, and preserve GDI.

We now prove the most significant property of the new measure: The GDI exhibits a conservation law
similar to that of the directed information (Proposition 2.3). This conservation is especially important
for our discussion of plasticity and empowerment, as it is critical for understanding their tension.

Theorem 3.5 (Conservation Law of GDI).
]I(Xa:b; Yc:d | Xl:a—la Yl:c—l) = H(-X*a:b — Yc:d) + H(}/c:d — Xa:b)~ (14)

Note that the sum of the two GDI terms is a conditional mutual information term. There are two
perspectives that help to understand this conditioning. First, notice that when @ = 1 and ¢ = 1, the
terms X.9 and Y7.o disappear, and we recover the same term as in the original conservation law
(Proposition 2.3). Second, conditioning on past information allows us to remove possible confounders.
For example, imagine X; = 0, and this emission ensures that both X3 = 0 and Y; = 0. Now, if we
measure [(X5.4 — Y3.5), the total information flowing from X3 to Yy needs to remove the potential
information from X;—this is the reason for the conditioning.

We prove several other properties of the GDI including an extension of the data-processing inequality
(Derpich and @stergaard, 2021), but defer these results to Appendix C due to space constraints.

4 Plasticity and Empowerment as Generalized Directed Information

We now motivate the GDI as a definition for plasticity. We start by enumerating a set of desiderata
that characterize an account of what a suitable definition of plasticity might look like.

Our desiderata come in two forms. The first set offer a structural picture of the definition, while
the second set focus on the semantics of the definition. While we hope that these desiderata are
illuminating, we also note that they fall short of a complete axiomatic characterization of plasticity. In
this sense, we anticipate that subtle aspects of the definition may need slight adjustment as we hone
in on the right axioms for the concept (Lakatos, 1963). We suggest that identifying such a bedrock is
an important direction for further research, but is here out of scope.

Structural Desiderata. A definition of agent plasticity should adhere to the following four structural
criteria. First, the definition should be mathematically precise. That is, we should be able to codify
all relevant commitments about our definition into a simple set of mathematical terms. Second,
the definition should be simple to state, and only require minimal conceptual overhead in terms of
new formalism. Third, the definition should not impose additional assumptions on our agent and
environment setup beyond those already enumerated: Agent and environment share an interface
consisting of two finite sets and interact in discrete time by exchanging signals from their interface.
Fourth, the definition should provide flexibility to ground discussions of plasticity under a variety
of settings. That is, the plasticity measure should be consistent with respect to arbitrary windows
of time, or with or without a specific environment present. It is critical that we can measure the
plasticity of an agent throughout its learning process, and not just the interval [1 : n]. This fourth
structural desiderata is what motivates the development of the GDI over regular directed information,
as without it we cannot speak about plasticity over arbitrary intervals of experience.

Semantic Desiderata. Next, we identify desiderata on our definition that indicate what the definition
should mean. These are inspired by a mixture of reflections from the broader communities that have
studied plasticity, and a handful of thought experiments that stretch intuitions about plasticity. First,
plasticity is always a non-negative scalar value. Second, agents that are unaffected by what they



observe have zero plasticity. For instance, a constant agent that always outputs the same action should
have zero plasticity. Lastly, agents whose behavior is influenced by past observations have non-zero
plasticity that is proportional to this influence. Notably, this places the emphasis of plasticity on the
extent to which the agent can adapt its behavior rather than cognitive faculties of the agent, such as
memories or other internal parameters. We return to this point in the discussion.

4.1 Plasticity

These desiderata motivate the GDI as our definition of plasticity. Intuitively, the definition captures
how much a sequence of observations influences a sequence of the agent’s actions. The GDI allows
us to select which observation sequence O,.; and action sequence A..q are of interest, as follows.

Definition 4.1. The plasticity of agent \ relative to € from [a : b],, to [c : d],, is defined as

def

‘Bgs (Av(‘:) = meag,(]l(Oa:b — Ac:d)- (15)

For brevity, we will most often refer to an agent’s plasticity relative to a set of environments as
PB(A, £) and obscure dependence on the interval when otherwise clear from context. Additionally,
while we introduce the definition in its general form, we most often consider the plasticity of an
agent interacting with a specific environment, e, which is recovered as a special case involving a
singleton set, P(A, {e}). We refer to such cases as P(\) or P (A, e) for brevity. This is similar to
the distinction pointed out by Capdepuy (2011) on actual versus potential information flow: "It is
important to understand that empowerment, because it is defined as a capacity, is a potential quantity.
The actual controller of the agent is not considered.” (p. 44). We embrace this distinction for plasticity
as well, and modulate the set £ to refer to either instantiated or potential plasticity. Lastly, we note
that the above definition uses the convention where, for every i = 1,...,n, each A; precedes each
O;, but where needed, we can also make use of the — notation.

GDI and the Desiderata. We next confirm that the GDI satisfies our presented structural and
semantic desiderata. For the first two structural desiderata, we call attention to the fact that the
quantity (A, £) is mathematically precise, and requires minimal overhead (albeit subjectively):
While the GDI is new, it provides a necessary enrichment of the directed information to account
for (1) sequences of arbitrary length, (2) that may not start at the beginning of time, and (3) involve
systems with bidirectional communication. These properties are critical to satisfy our remaining
structural desiderata, and thus we believe this slight added complexity is earned. Third, our definition
imposes no further assumptions on agent or environment. We inherit the general setting of an agent
interacting with an environment in discrete time, and add no further restrictions. Lastly, as noted,
our fourth structural desiderata is accounted for in virtue of the GDI: We are now able to range over
arbitrary sequences, and can accommodate the cases when a specific environment e, a set £, or the set
of all environments &,); are under consideration. For the semantic desiderata, we summarize the fact
that *J3 adheres to these desiderata using the following two results. The first is a lemma that isolates
the necessary and sufficient conditions for plasticity relative to a specific environment to be non-zero.

Lemma 4.2 (Necessary and Sufficient Conditions for Positive Plasticity). An agent has positive
plasticity relative to e if and only if there is a time-step where actions are influenced by observation.

More formally, for any pair (X, e) and indices [a : U], [c : d],, there exists an i € [max(a,c) : d]
such that
H(Az ‘ Ol:a—laAl:i—l) > H(A’L | Oa:min(b,i)vOl:a—lyAlzi—l) (16)

if and only if P (A, €) > 0.

Notice that the only difference between the left and right side of the inequality is that the right entropy
term also conditions on O,.yin(s,i)—consequently, the inequality holds when learning about the
observations from [a : min(b, 7)] lowers uncertainty about A;. As a result, a pair (), e) will have
non-zero plasticity from interval [a : b],, to [c : d],, if and only if the observations in [a : b],, provides
information about the actions in [c : d],,. We make heavy use of this lemma to elucidate the following
general properties of plasticity.

Theorem 4.3. The following properties hold of the function B, for all intervals [a : b],, [c : d]n:
(i) Forall (A, &), P (A, E) > 0.



(ii) For any a < d, there exists a pair (X, ) where X is deterministic and B o (A, €) > 0.

(”l) For all gsmall g gbig: gpg;g ()\7 gsmall) S mg;g ()\; gbig)~

(iv) (Informal) The following agents all have zero plasticity relative to every environment set:
Open-loop agents, agents that always output the same action distribution, agents whose
actions only depend on history length, and agents whose actions only depend on past actions.

Together, this theorem and lemma indicate that the semantic desiderata are satisfied from a number
of perspectives. By the necessary and sufficient conditions of Lemma 4.2, we find an intuitive test
for whether an agent has plasticity in a given window: Are its actions impacted by its observations?
The magnitude of this impact directly determines the magnitude of the agent’s plasticity, aligned
with the fourth desiderata. The lemma also indicates that many popular learning algorithms such as
UCBI (Auer et al., 2002) or Q-learning (Watkins and Dayan, 1992) have non-zero plasticity in most
environments, as expected. Theorem 4.3 illustrates basic properties of plasticity: Point (i) confirms
that plasticity is a non-negative scalar, while point (ii) shows that a deterministic agent can be plastic.
Point (iii) highlights a form of monotonicity to plasticity—as the environment set under consideration
is enriched, an agent’s plasticity cannot go down. Lastly, property (iv) shows that many trivial agents
have zero plasticity, such as agents whose actions are determined solely by factors other than what
they observe such as open-loop or constant agents.

4.2 Revisiting Empowerment through GDI

In addition to capturing plasticity, the GDI can enrich our definition of empowerment as well. As
discussed in our exposition of empowerment, the definition of Capdepuy (Equation 9) moves from
the mutual information to the directed information. Due to the generality of the GDI, empowerment
can further benefit from the flexibility of the GDI as follows.

Definition 4.4. The empowerment of A in environment e from [a : b, to [c : d],, is defined as

Eon(Ae) r/{lgidl(Aa:b — Oc:a). (17)

a:b
c:d

As we might hope, when 1 = a = ¢ and b = d = n, we recover the definition from Capdepuy, and
when we restrict to the set of open loop agents A, we recover the definition from Klyubin et al.

Proposition 4.5. €1 (A, e) = €% (A, e) and € vn (Agn, e) = € (Agn, ).

Thus, we can specialize to either past definition as desired. However, empowerment now benefits from
the flexibility of the GDI to refer to an agent’s empowerment over arbitrary windows of experience
that need to begin at the start of time. Furthermore, we can recover a meaningful notion of the
empowerment of a single agent by considering a singleton set, &({\}, e), as with plasticity. We will
again refer to this simply by the notation &(\) or &(\, e) for brevity when clear from context.

4.3 Main Result: Plasticity and Empowerment Tension

We next analyze the relationship between plasticity and empowerment. First, we highlight the fact
that plasticity and empowerment are really two sides of the same coin. In one sense, this is obvious, as
they are both defined as the GDI between action and observation with only the direction of influence
reversed. There is a further sense, however, that connects them: The environment and the agent,
as defined, are symmetric objects, since they are each a stochastic function from a history to a
symbol. The names of the symbols and the functions are so far arbitrary. As a result, we can also ask
about the empowerment of the environment, or the plasticity of the environment simply by taking the
environment-centric view point suggested by Remark 2.8.

Proposition 4.6 (Plasticity is the Mirror of Empowerment). Given any pair (), e) that share an
interface, and valid intervals [a : b, [c : d],, the agent’s empowerment is equal to the plasticity of
the environment, and the agent’s plasticity is equal to the empowerment of the environment:

Ca (A) = Pan (e), Pas (A) = Ean (e). (18)

As a corollary, we find that despite our best efforts to design an agent with high plasticity or
empowerment, some environments force all agents they interact with to have zero of either quantity.



Corollary 4.7. Forall (A, e), P(e) = 0 <= E(\) = 0and €(e) = 0 = P(A\) = 0.

In other words, even the most pliable or powerful agents cannot do anything meaningful in specific
environments; the environment can always just choose to ignore the agent’s actions, which places a
firm limit on how empowered an agent can be. Similarly, even if we design a highly plastic agent, the
agent can only make use of that plasticity in an environment with information.

Example: Two-Player Game of Poker. To build intuition, consider the case where the environment
is itself another agent. That is, two agents—Alice and Bob—interact by exchanging actions. The
interface is defined by two sets, Aajice, Abob, Where the actions of Alice are Bob’s observations,
and vice versa. In this case, over any choice of intervals, Alice’s plasticity is identical to Bob’s
empowerment and vice versa. Imagine further that Alice and Bob are playing poker against each
other, with some initial pool of chips. If either agent were to run out of chips, they are removed from
play. Notice that the set of available actions to each agent is a strictly increasing function of their
available pool of chips, as the larger pile of chips yields more bets that can be placed. Therefore, the
more chips Alice or Bob has, the more empowered they are. And, by contrast, if Alice has more chips,
this raises how plastic Bob can be, as he has a higher potential to be influenced by Alice’s actions.

Main Result. We next present our main result, which highlights a fundamental tension between
plasticity and empowerment. That is, if we consider a specific agent )\ interacting with an environment
e, an important question arises: Is there any connection between the agent’s level of plasticity, and
the agent’s level of empowerment? We answer this question by establishing a tight upper bound
on the sum of the two quantities, which establishes a tension between an agent’s plasticity and its
empowerment over the same interval.

Theorem 4.8 (Plasticity-Empowerment Tension). For all intervals [a : b],, [c : d],, and any
pair (A, e), let m = min{(b — a + 1) log |O|, (d — ¢+ 1) log | A|}. Then,

62:‘3 (/\76) +%2’:‘§ ()‘76) <m, (19)

is a tight upper bound on empowerment and plasticity. Furthermore, under mild assumptions
on the interface and interval, there exists a pair (\°, €®) such that B <. (\°, €®) = m, and there
exists a pair (X', e') such that € .. (', €') = m, thereby forcing the other quantity to be zero.

Therefore, an agent cannot simultaneously maximize its plasticity and its empowerment in a given
pair of intervals, [a : b],,[c : d],. In fact, the achievable levels of empowerment for any pair of
intervals are strictly determined by the agent’s plasticity in those intervals (and vice versa), as pictured
in Figure 1(b). The latter part of the result indicates that in extreme cases, a high plasticity can ensure
that the agent has zero empowerment, and vice versa. Notably, the tension only comes about when
we consider P .« and €., over the same pair of intervals, [a : b],,, [c : d],,. Therefore, this tension
may dissipate as the intervals change, or if one interval fully comes after the other; in this way, agents
may oscillate between phases of high plasticity and high empowerment, but cannot simultaneously
maximize both. A deeper examination of this trade-off and its implications for the design of agents is
a significant opportunity for future research.

4.4 A Simple Experiment

Lastly, we conduct a simple experiment to ground and corroborate our theory. We make use of a basic
Monte Carlo estimator for the GDI, and study the plasticity and empowerment of tabular ()-learning
(Watkins and Dayan, 1992) interacting with a two-armed Bernoulli bandit. Concretely, we explore
how varying the parameters of ()-learning impacts plasticity and empowerment. All experiments
were run on a single CPU.

In the first case, we use an e-greedy policy for exploration and study the impact of varying e between
[0, 1] on plasticity. We estimate the plasticity of @)-learning for each of these values of ¢ in the
intervals [1 : 3] and [2 : 5], so I(O1.3 — Aa.5). Results are shown in Figure 3(a). We see that, when
e = 0 the agent is relying entirely on the greedy policy to drive its actions, which is determined by the
past observations. Thus, with a low €, we see a higher level of plasticity. Conversely, as we increase ¢,
the degree to which the greedy policy drives action choice decreases. At the maximal value of € = 1,
we find that plasticity is zero since the agent’s actions are no longer a result of observation at all.
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Figure 3: Results from two simple experiments that estimate plasticity, empowerment, and their sum
with Q-learning (Watkins and Dayan, 1992). On the left, we show the mean estimate of an e-greedy
variant of ()-learning as a function of ¢, varied from zero to one, with bootstrapped confidence
intervals. On the right, we show the estimate of plasticity (blue), empowerment (orange), and their
sum (green), along with the upper bound (grey-dashed line) as a function of the initial () value used
by @-learning, ranging from negative one to one. When () = —1, the agent is pessimistic, and when
@ = 1, the agent is optimistic.

In the second case, we study the impact of optimism and pessimism on plasticity and empowerment,
again in the two-armed Bernoulli bandit. To vary the degree of optimism or pessimism present in
the agent, we vary the initial () value used for each action from —1 to 1 and examine the impact
on plasticity and empowerment along the same intervals [1 : 3] and [2 : 5]. Here, we no longer
use e-greedy exploration, and rely solely on the initial ) value to drive exploration. Results are
shown in Figure 3(b). First, we note that the upper-bound (depicted in grey) from Theorem 4.8 is
corroborated in the experiment. Second, we see that empowerment tends to be higher than plasticity
in this setting—the agent influences the environment more than the environment influences the agent.
Third, we find that empowerment increases with optimism. This likely comes about due to the degree
of exploration present in the agent: When the initial () values are pessimistic (strictly below zero),
the agent will be more likely to stick with the first arm that delivers positive reward. In this way,
the pessimistic agent is less incentivized to try out different actions, which leads to a lower overall
empowerment.

5 Discussion

In this paper, we have presented a careful study of plasticity and empowerment, and established a
connection between them. Our first technical contribution is the development of the generalized
directed information (GDI; Definition 3.1), which we take to be of independent interest across the
many fields that make use of information theory. We identify several fundamental properties of the
GDI, including a new conservation law (Theorem 3.5). We then motivate the GDI as an appropriate
definition for the concept of plasticity, and provide a general definition of agent plasticity. We then
identify the necessary and sufficient conditions for an agent to have non-zero plasticity (Lemma 4.2).
Our analysis further reveals that plasticity admits a number of intuitive properties (Theorem 4.3), and
that the GDI generalizes existing notions of empowerment (Proposition 4.5). We then discover a
general new trade-off between plasticity and empowerment (Theorem 4.8), suggesting that we need
to thoughtfully engage with both concepts in the study and design of agents. We take these results to
serve as a meaningful bedrock from which we can study agency under minimal assumptions.

5.1 Plasticity via Action, Policy, or Agent State?

As discussed, the original conception of plasticity from the neuroscience literature is terms of synaptic
plasticity—that is, the degree of flexibility inherent to the neural circuitry of a biological organism.
By contrast, our account of plasticity focuses purely on behavior: We measure the influence of
observation on action. This is more in line with how the biology community treats plasticity, as
discussed in Chapter 30 of the book by Wheeler (1910). Our plasticity definition can be thought of as
a special case of a broader family of definitions that consider the degree that observations influence
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various aspects of an agent, such as the agent’s policy, action, or internal state. We can choose from
many such options, and our formalism (and the corresponding theoretical results) will largely look
the same. Consider the case of policies. Here, we suppose that every agent maintains a policy that
belongs to a finite class of representable policies, Ag C A,y (the "agent basis" from Abel et al.,
2023a). Then, letting L1, ... L, denote a sequence of discrete random variables over Ag, we can
express a policy-focused notion of plasticity in terms of the quantity I(O,., — L¢.q). This measures
the degree to which observations influence which policy an agent chooses. With some added detail
obscured, this is a strict generalization of Definition 4.1, but we choose to center around the action
variant due to its simplicity. Alternatively, we can shift the influence of interest to agent state to
better capture how well an agent can adapt its internal circuity in light of experience. In this case, we
model each agent as maintaining an agent state (Dong et al., 2022; Abel et al., 2023b; Kumar et al.,
2023). Letting 51, . .., .S, denote the sequence of random variables over this agent state space S, we
can recover our conception of plasticity by building around I(O,.;, — S..q). We believe this view
is especially promising to examine agency under resource constraints (Simon, 1955; Russell and
Subramanian, 1994), the extended mind (Clark and Chalmers, 1998; Harutyunyan, 2020), and the
stability-plasticity dilemma (Carpenter and Grossberg, 1988), but leave exploration of these directions
for future work.

5.2 Optionality, Information, and Causality

Both empowerment and plasticity center around how events could have unfolded differently. In
the case of empowerment, we ask: Had the agent acted differently, how much could have changed
in the environment? In the case of plasticity, we ask: If the environment had unfolded differently,
how much would that have impacted what the agent did? In this way, both concepts implicitly deal
with considerations regarding free will, counterfactuals, causality, and determinism. For example,
empowerment is defined by maximizing over the set A, reflecting the different ways an agent could
respond to stimuli. Constraining A—for instance, by restricting actions, compute, or memory—will
in turn reduce the agent’s ability to influence future observations and, consequently, its empowerment.
In the most general case we can take the max over all agents, A,;, reflecting every possibly way
experience could give rise to action over a given fixed interface. However, there are often further
restrictions in place, such as the morphology of a robot or a limited available computational budget—
such restrictions can be reflected by different subsets A C A, thereby encoding the different possible
ways the agent could act. Capdepuy (2011) discusses this distinction in Section 4.1.3, noting that
potential information flow involves taking the max over available policies, while actual information
flow is relative to a single policy. Similarly, plasticity (Definition 4.1) involves maximization over a
set of environments £. This choice raises the question: What constitutes environment optionality?
Interventions, as described by Pearl (2009), offer a formal framework for grounding the notion of
environment optionality from a causal perspective. Here, an external experimenter modifies the
environment and observes the responses of its sub-systems (such as the agent). This aligns with the
continual learning literature, where plasticity is treated as the agent’s capacity to adapt to interventions
on the data-generating process. For example, in work by Dohare et al. (2021) the input distribution is
repeatedly and randomly intervened on, and later work by Dohare et al. (2024) the labels are randomly
permuted, whereas in work by Abbas et al. (2023) the agent is switched between different Atari games.
These distributional shifts can be formalized as interventions ¢ on a baseline environment e, where
each intervention creates a new, distributionally shifted environment e’ = ¢(e). In each study there is
an assumed set of interventions 7 (such as label permutations), which generates the environment
set & = {t;(e) : t; € T}. In essence, an agent’s plasticity is its capacity to adapt to environmental
changes (interventions), defined relative to a set of environments £ generated by these interventions.
And, analogous to constraining the policy set for empowerment, plasticity is non-increasing if the set
of possible environmental changes is constrained (as in point iii of Theorem 4.3). We suggest that
exploring the full causal picture of plasticity and empowerment is a compelling direction for further
work.

As a consequence of the definition that focuses on observation and action, we find that every
deterministic environment forces zero plasticity. That is, if e is deterministic in the sense that it
can be written as a map, e : H., — O, then for every agent and intervals, &Bz;g (A, e) = 0. This
may appear puzzling at first, but on closer inspection, there are several intuitions to elucidate this
fact. First, from the agent’s point of view, a deterministic environment presents no optionality. This
is similar to a causal conception of plasticity relative to the empty set of interventions. Since the
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Figure 4: An example environment in which an agent (the mouse) is presented with a gradual change
in the balance between their realized plasticity and empowerment. The mouse inhabits a corridor
consisting of n 4 1 rooms, each equipped with a light that can be (stochastically) controlled by the
lever in that room.

environment could not have been otherwise, there is no way that the agent can react to the different
ways the environment could have unfolded. However, a variant of plasticity that builds around the
internal components of the agent (such as the agent’s beliefs or memories) will overcome this in
a simple way. Consider an agent with limited memory. That is, at most the agent can remember
five observations. Then, if the agent is at time-step seven, it cannot possibly remember all prior
observations due to its memory constraints. Therefore, from the agent’s memory-constrained point of
view, the environment may appear stochastic. While these threads play an important conceptual role
in plasticity and empowerment, we defer a full exploration of their significance to future work.

5.3 The Plasticity-Empowerment Tension

Next, we present a short example expanding on the discussion of the tension between plasticity and
empowerment highlighted by Theorem 4.8. Consider the example environment depicted in Figure 4.
The environment contains n + 1 rooms, each containing a switch and a light. The environment is
conditioned on a latent Bernoulli random variable, X, corresponding to the probability to turn the
light on or off each time step. The mouse only observes whether the light is on or off in the room they
currently occupy. The action space of the mouse enables it to move to a neighboring room, or pull
the lever. In each room ¢; a pull of the lever has a probability of 7/n to change the state of the light
for the next time step, with the remaining probability n — i/n determined by X —hence, in room £,
the mouse has no control over the light, and in room /¢,,, the mouse fully controls whether the light
is on or off. Otherwise, the random variable X dictates the state of the light. Suppose X is a fair
coin, that is, X ~ Bernoulli(6 = 0.5). So, without intervention, the lights in all rooms switch state
with probability 0.5. In this environment, the far left room maximizes plasticity, whereas the far right
room maximizes empowerment, with all rooms in the middle smoothly interpolating between these
two extremes. On the left, the mouse gets to receive the most new information from the environment,
while on the right, the mouse fully controls the state of the light. Theorem 4.8 suggests that this
trade-off is always present to some extent.

To emphasize the tension even further, we can imagine that the latent random variable X is
non-stationary. That is, consider the sequence of smoothly evolving Bernoulli random variables,
X1, X, .... Here, again, if the agent always inhabits the far right room, it fully closes off the possi-
bility of learning about the evolution of {X;}52,. However, if the agent is in the far left room, then
the light is fully determined by the evolution of X;, and thus the agent has maximized its potential
to learn about the sequence from the environment. Each room in between these two interpolates
between these two extremes, roughly corresponding to a walk along the Pareto frontier of the trade-off
expressed by the theorem.

5.4 Other Future Directions

There are many other directions for future work.
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Plasticity, Empowerment, and Goals. Most immediately, our framing is absent of the discussion
of goals, despite their central role to agency. Indeed, as Ball states, "An agent does more than just
alter its environment...they alter with intent” (p. 9, Ball 2023). We have here concentrated entirely on
two basic influences; plasticity as the influence of environment on agent, and empowerment as the
influence of agent on environment. It is important to enrich this story with some account of goals.
We foresee several pathways for our theory to accommodate goals. For instance, we can treat reward
as a special element of each observation. Then, we might isolate a special kind of influence that
amounts to the agent being influenced by rewards (and, likewise, reward-relevant empowerment as
behavior that influences future rewards). However, this is just one proposed direction among many
possibilities. We suggest one of the most important directions for future work will closely examine
how plasticity, empowerment, and their tension relate to goal-directedness more broadly.

Beyond incorporating goals, we foresee other pathways for fruitful research. First, as a consequence of
the conditions in Lemma 4.2 and the tension highlighted by Theorem 4.8, there are new opportunities
to inform the design of agents. In particular, we speculate that it is prudent to design agents to balance
plasticity and empowerment tactfully, since over-optimizing one can impact the other. We foresee
an opportunity to recover new fundamental results connecting the limits of learning, the design of
safe agents, and this balance—if an agent has insufficient plasticity, it cannot adapt, and if it has
insufficient empowerment, it cannot steer. Additionally, it may be valuable to better understand how
people handle the tension revealed by Theorem 4.8, similar to understanding how people address the
explore-exploit dilemma. Second, there is an opportunity to make use of our conception of plasticity
to formally characterize the stability-plasticity dilemma under minimal assumptions. We envision
a clear path to doing so, but defer the full exposition of this narrative to future work. Third, we
foresee a direct connection between plasticity, empowerment, and many standard concepts within
game theory and multi-agent systems that are worth studying further, such as the emergence of social
dilemmas, cooperation, and the dynamics of multi-agent systems (Jaques et al., 2019). Lastly, we
speculate that plasticity, empowerment, and their relationship offer a simple, powerful conception of
agency: An input-output system is best thought of as an agent if and only if it has non-zero plasticity
and non-zero empowerment. We again defer a full conceptual analysis of this sort for future work,
but refer the reader to the works by Wooldridge and Jennings (1995), Barandiaran et al. (2009), Ball
(2023), and Kasirzadeh and Gabriel (2025) for similar discussions.
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A Notation

We first provide Table | summarizing all relevant notation.

Notation Meaning Definition

XY Set

X, Y, A O Discrete random variable

Xin Sequence of n random variables  (X1,...,X,,)

[a: b, An interval of discrete time [a:b]st.1<a<b<n

A Set of actions

O Set of observations

H. o4 Histories ending in action (Ox A*U(AxO)*x A
H o Histories ending in observation (A x O)* U (O x A)* x O
H Set of all histories H=H .UH o

e Environment e:H. o— AO)

Ean Set of all environments A(O)H-A

£ Set of Environments EC&n

A Agent AiH .o — A(A)

Aan Set of all agents A(A)H-0

A Set of agents A C A

Directed information

Directed information, X delay

Z I[(Xlziv K|Y1:i—1)

i=1l:n

> I Xi-1; Yi|Yiu—1)

i=2:n

H(Xa:d — Y;,d) GDI E H(Xa:min(b7i);Y;|X1:LL—17Y1:1'—1)
i=max(a,c):d

mgff; ()‘7 8) PlaStiCity maXecg H(()a:b — Ac:d)

Pas (A e Plasticity, single environment P (A {e})

PB(A) Plasticity abbreviation Pas (A €)

Cas (Aye) Empowerment maxyea L(Aqp = Oca)

Can (A€ Empowerment, single agent Can ({A}e)

E(\) Empowerment abbreviation Can (A e€)

Table 1: A summary of notation.

B Proofs of Presented Results

We next provide proofs of each result from the paper, split into those results presented in Section
3 on GDI (Appendix B.1) and those results presented in Section 4 on plasticity and empowerment
(Appendix B.2). Then, in Appendix C, we present additional results on the GDI, including a new
data-processing inequality for the GDI.
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B.1 Proofs of Results from Section 3 on GDI

Proposition 3.2 (GDI Stricly Generalizes DI). Leta = c = 1and b = d = n. Then,
H(Xa:b — }/c:d) - H(Xlzn — mn) (20)
Proof of Proposition 3.2.

The result is a straightforward consequence of the definition of GDI that can be illustrated by
substitution. Let @ = c and b = d be indices such that 1 = a = cand b = d = n. Then, rewriting
Equation 10, we find:

d
I(Xap = Yed) = > W Xaminge; Vi | Xtiam1, Y1), 1)
i=max(a,c)
=Y I(X1.;Y; | X7, Vi), (22)
=1

I

H(Xlzi;yi | Yl:i—l)- O

i=1

=I(X1:n—Y1:n)

Proposition 3.3 (Temporal Consistency of GDI). Ifa > d then (X 4., — Ye.q) =0, and if a > d
then ]I(Xa;b — Yc:d) =0.

Proof of Proposition 3.3.

The property follows directly from the summation bounds of Equation 10, and its variant,

d
Z H(Xa:min(b7i—l); }/l | Xl:a—la Yl:i—1)~ (23)

i=max(a+1,c)

H(Xa:b — Yc:d) =
For the former, note that if ¢ > d, then

d
I(Xa = Yea) = Y IXaimin(v.i); Vi | X1:a—1, Y1:i21) =0, (24)

i=max(a,c)

since max(a, ¢) > d when a > d.

For the latter, note that if @« > d, then

d
I(Xap = Yea) = Y, IXaminio1); Vi | Xt:ao1, Y1) =0, (25)

i=max(a+1,c)

by similar reasoning that max(a + 1, ¢) > d. O

Proposition 3.4 (Summation of Intervals). Leta < k < bandc < { < d.

I(Xap = Yea) = I Xap — Yeur) + U Xawp — Yey1.a) (26)
=1(Xaw = Yea) + UXp41:0 = Yeua) (27)
and similarly,
[(Xap = Yed) = W Xap = Yerp) + W Xap = Yigi:a) (28)
=1(Xa:e = Yeia) + L Xet10 = Yea), (29)
Proof of Proposition 3.4.

The first equality of Proposition 3.4 consists of breaking the sum of Equation 10 into two sums
with intervals [max(a, ¢), ¢] and [max(a, ¢ + 1), d].
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For the second equality observe that if b > d then we can change b = d as ¢ # d in the sum of
Equation 10. Then, we can apply Equation 10, break up the first sum at k, and recombine terms,
as follows:

]I(Xa:k — Yc:d) + H(XkJrl:b — Yc:d) (30)
d
= Z H(‘X'a:min(k,i); Y | X1:a-15 Yl:i—l) +

i=max(a,c)
d

> I X tmin(ei Vi | Xaoko1, Yio1), €2y
i=max(k+1,c)

Then, we break the right sum into two intervals,

k d
= Y I(Xai;Vil Xva-1, Y1) + > I Xawk; Vi | Xpao1, Vi) +
i=max(a,c) i=max(k+1,c)
d
Z I( X 1:min(b,i); Y | X1ik—1, Yiio1). (32)
i=max(k+1,c)
k
= > I(Xei;Yi| Xpao1, Yiao1) + (33)
i=max(a,c)
d

Z (I(Xa; Vi | Xtia—1, Y1iio1) + I Xkt timingei); Y | X1ik—1, Yisio1)) -

i=max(k+1,c)

Applying the mutual information chain rule to the terms in the second sum and noticing if ¢ < k
then ¢ = min(b, ) so we can change the bounds on the first sum to get

k
I[(AXVLL:IC — }/c:d) + ]I(Xk+1:b — }/c:d) = Z ]I(Xa:min(b,i); }/7 ‘ Xl:a—la }/1:2'—1) +
i=max(a,c)
d
Y I Xamine: Y | Xia—1, Yiio1). (34)

i=max(k+1,c)
Now we combine the sums to get our result,
[(Xok = Yed) + U Xkt1:0 = Yeua)

d
= Z ]I(Xa:min(b,i); le | X11a717 Yl:ifl) = H()(a:b — ch:d)- O (35)

i=max(a,c)

To prove the conservation law of GDI, we first introduce a short lemma that helps decompose the
GDI into a difference of entropies.

Next, we present a further decomposition of any GDI term that will be a key step in our proof of the
conservation law of GDI.

Lemma B.1. Let [a : ], [c : d],, be valid intervals, and let k = max(a, ¢), ¢ = min(b, d). Then,

]I(Xa:b — Yc:d) (36)
= H(Xa:kfﬁ Yk:@ ‘ Xl:afla le:krfl) + H()(k:f — Yk:l) + H<Xa:€; }/@Jrl:d | X12a717Y1:Z))

19



and

]I(Yc:d — Xa:b) (37)
= ]I(ch:kfl; Xk:@ | Yl:cfla Xl:kfl) + I[(Yk:l — Xk:@) + ]I(chzl; XZJrl:b ‘ Yl:cflv X1:€)~
Proof of Lemma B.1.
Applying Proposition 3.4 multiple times,
]I(Xa:b - Yc:d) (38)

= ]I(Xa:kfl — Y:::lcfl) + H(Xk:l — Yc:kfl) + ]I(XlJrl:b — Yc:kfl) +
I(Xak—1 = Yiee) + I Xk = Yiee) + I(Xep1:0 = Yie) +
I(Xak—1 = Yog1:a) + I Xpe = Yegrra) + WX = Yeqia)-

,g =

Notice that either K = a or k = b, and similarly £ = c or
have empty ranges,
I(Xa:b = Yeua) (39)
= ]I(X 2 c:kfl) + H(Xk:l — Yc:kfl) + ]I(XZJrl:b — Yc:kfl) +
Xak—1 = Yiw) + I Xk = Yie) + I(Xep1:0 = Yie) +
I(Xak—1 = Yegyr:a) + I Xpe = Yegra) + LI Xpps 1)

d, so two terms are guaranteed to

We can now apply Proposition 3.3 to remove additional terms.

]I(Xa:b — ch:d) (40)
= (X, ch—1) T W + I(Xpy k1) +
I(Xae—1 = Yiee) + I( Xk = Yiee) + TI(Xes- kit +

I(Xak—1 = Yor1:a) + I Xpe = Yegra) + I Xpws 1)

Recombining the last two terms with Proposition 3.4 gives us three remaining terms,
]I(Xa:b — Yc:d) = H(-Xva:kfl — Yk:l) + ]I(Xk:Z — Yk:Z) + H(Xazf — Y—£+1:d) (41)
Applying Equation 10 to the first and last term,

H(Xa:b — Y:::d) (42)
¢ d
= I Xak-13Yi | Xtiao1,Y1io1) + I Xpee = Yieo) + Y W Xat3 Vi | X1iao1, Yisio1),
i—k =041

and applying the mutual information chain rule to these two summations gives,
I(Xap — Yeua) 43)
= I(Xak—1; Yaoo | [ X1:a—1, Yiik—1) + I Xbee = Yir) + 1 Xaet; Yerra | Xiza—1, Yioe)-
This completes the first case. The second case follows by similar reasoning,

]I(Yrc:d — Xa:b)

= I(Ver v Ko 1) + IVees¥z 1) + I(Vegw—Kar 1) +

I(Yee—1 = Xkwo) + I(Yie = Xkwo) + T(Yois ) +

I(Yer—1 = Xegt1s) + IVke = Xeg1n) + I(Ves (+1:b)

=I(Yer—1 = Xieo) + 1Yioo = Xieo) +1(Yerr = Xog1:a)
= H(Y:::lcfﬂ Xk:Z ‘ Yl:cflaXlzkfl) + H(thé — Xk:f) + H(Y::£7 XZJrl:b | Yl:cthl:Z)

This completes both cases, and we conclude. ]

Theorem 3.5 (Conservation Law of GDI).
]I(Xa:b; Yc:d | Xl:a—17 Yl:c—l) - ]I(Xa:b — }/c:d) + H(Yc:d — Xa:b)- (44)

Proof of Theorem 3.5.
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The proof proceeds by decomposing the two GDI terms I(X,., — Ye.q) and I(Y..q < X,.) by
application of Lemma B.1, then inducting on ¢ — k as in the original proof by Massey and Massey
(2005).

First, we decompose both I(X,.;, — Y..q) and I(Y,.q < X,.p) using Lemma B.1.
I(Xa:b = Yeua) (45)
= Xa—15Yar | [ X1:a—1, Y1) + 1l Xpee = Yior) + 1 Xaes Yor:a | Xvia—1, Y1e0),
and
I(Ye:q = Xaw) (46)
= I(Yers—15 Xnot | Yieem1, Xuw—1) + 1(Vaeo = Xpoo) + 1(Vero; X1 | Yie—1, X1ee)-

Let us now consider [( Xy — Yi.0) + I(Yie < Xk.¢), which is almost the term constrained

by the law of conservation of directed information (when k£ = 1). We use induction on ¢ — k as

employed by Massey and Massey (2005) to show the sum is I(X.¢; Yoo | X1:5—1, Y1:—1). First,

if { = k then ]I(Xk:Z — Yk:@) = ]I(Xk:E;Yk:Z | Xl:kflaylzkfl) and ]I(Yk:Z — Xk:l) = 0, thus

establishing the base case. In the general case,

H(Xk:l — Yk:[) + ]I(Yk:Z — Xk:l?) - ]I(szffl — Ykzéfl) + H(szl; Ye | Xl:kflv Yl:ffl) +
I(Yrom1 = Xpeoo1) +1(Xe; Yereo1 | X1ie—1, Y1ir—1)-

By rearranging and applying induction,

= I Xko—1;Yio—1 | Xvig—1, Yip—1) + 47)
I(Xe; Yio—1 | Xuie—1, Yip—1) + I Xneo; Ye | Xiik—1, Y1:0-1),

Then, applying the mutual information chain rule on the first two terms,

= W Xht; Yicoor | Xuk—1, Y1) + 1 Xne; Yo | X1k, Yie—1), (48)
and once more on the remaining terms,
= I(Xp:t; Yiere | Xaih—1, Y1), (49)
Thus by induction,
[(Xk:o = Yier) + 1Yho = Xioo) = W Xet; Yieo | X161, Yiek—1)- (50)
We now combine Equation 45, Equation 46, and Equation 50,
[(Xap = Yed) + 1Yed = Xan) = UXak—15 Yier | X1:a—1, Yiep—1) + (51
I(Xkes Yers—1 | Xie—1, Yieem1) + 1 Xkt Yiee | Xvip—1, Yiip—1) + (52)
I(Xawe; Yerrea | Xia—1, Y1:e) + U X g5 Yoo | X, Yiee1)- (53)

Notice that at most one of the first two terms is non-zero (if a > c the top term is zero; if a < c the
bottom term is zero), and similarly for the final two terms (if b > d the top term is zero; if b < d
the bottom term is zero). We now apply the mutual information chain rule to the non-zero first
term with the middle term. In either case we get,

I(Xap = Yea) + 1(Ye:a — Xawp) (54)
= [(Xaw; Yoo | Xiia—1, Yiio—1) + I Xawe; Yoy 1:a | Xvia—1, Y1) + (55)
I(Xeg1:05 Yoo | X1oo, Yise—1)- (56)
We can now apply the mutual chain rule with the non-zero last term. In either case, we get,
[(Xab = Yea) + 1Yea = Xap) = U Xab; Yeud | X1:a—1, Yiio-1), (57)
which confirms the identity, and we conclude the proof. O
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B.2 Proofs of Results from Section 4 on Plasticity and Empowerment

Lemma 4.2 (Necessary and Sufficient Conditions for Positive Plasticity). Agents have non-zero
plasticity relative to e if and only if there is a time-step where their actions are influenced by
observation.

More formally, for any pair (\, e) and indices [a : b, [c : d],, there exists an i € [max(a,c) : d]
such that

H(A; | Or:a—1, A1:i-1) > H(A; | Ogimins,iys Or:a—1, A1:i-1) (58)
if and only if P s (A, €) > 0.
Proof of Lemma 4.2.
We first establish necessity: If Pax (A, €) > 0, then there exists an 3;/c max(a,c):q) Such that
H(Air | Or:a-1, Ar:ir—1) > H(Air | Ogimin(v,ir)s Or:a—1, Av:ir—1)- (59
Expanding the definition of P (A, e),
‘433;; (>\a 6) = H(Oa:b — Ac:d) (60)
d
= Z H(Oa:min(b,i); A; ‘ O1.a-1, Al:ifl)- (61)

i=max(a,c)
Recall again that the conditional mutual information is non-negative. Hence, the sum

d
Z I[(Oa:min(b,i); Az | Ol:a—h Al:i—1)7 (62)
i=max(a,c)

is only greater than zero if at least one of its terms is non-zero. Since P (A, e) > 0, we conclude
that there must be an i’ € [max(a, c) : d] such that I(Og.min(s,i7); Air | O1:a—1, Ar:ir—1) > 0. We
next apply the identity that conditional mutual information can be expressed as a difference of

conditional entropy terms,
H(Ai | Or:a-1, Ar:ir—1) — H(Ay | Ogimin(b,ir)> Or:a—1, Ar:r—1) > 0, (63)

H(Oa:min(b,i/)%Ai|01:a717A1:i’—1)

and therefore,

H(Ai | Or.a—1, Ar:ir—1) > H(Ay | Ogemin(p,ir)> O1:a—15 Av:ir—1)- (64)
This completes the argument for necessity. v
We next prove sufficiency: If there exists an i’ € [max(a, ¢) : d] such that

H(Ay | O1:a—1, Arir—1) > H(Aw | Ogiminp,iys Ot:a—1, Ar:r—1), (65)
then P (A, €) > 0.

The same reasoning from the necessity argument may be applied in reverse. First, we can rewrite
the above inequality and replace the difference with the conditional mutual information,

1(Og:min(p,iy; Air | O1:a—1, Ar:ir—1) > 0, (66)
which in turn implies that
d
Z 1(Og:min(b,i); Ai | O1:a-1, Ar:i-1) > 0, (67)

i=max(a,c)

and by the definition of plasticity, we conclude B (A, e) > 0. O

Theorem 4.3. The following properties hold of the function B, for all intervals [a : b],, [c : d],:
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(i) Forall (A, &), Pan (A, E) > 0.
(ii) For all a < d, there exists a pair (A, £) where \ is deterministic and *B a:» (A, E) > 0.

(>\» gsmall) é ‘BZZ (>\; gbig)-

(iv) (Informal) The following agents all have zero plasticity relative to every environment set:
Closed-loop agents, agents that always output the same action distribution, agents whose
actions only depend on history length, and agents whose actions only depend on past actions.

Proof of Theorem 4.3.
We prove each property independently.

(”l) For all gsmall c gbig’ ‘B

a:b
c:d

(i) For all (\, £) and any intervals [a : b],, [c : d]n, Paz (A, E) > 0.

This follows as a direct consequence of the first inequality of Proposition C.2, together with the
definition of plasticity. v

(ii) For all a < d, there exists a pair (X, E) where X is deterministic and B ov (X, ) > 0.

It suffices to construct a single deterministic agent with non-zero plasticity for a fixed but arbitrary
pair of intervals where a < d. Consider the singleton environment set containing e that outputs a
uniform distribution on O at each time-step.

To be precise, we define a deterministic agent as any non-stochastic mapping from histories to
actions, A : H_, — A, so the set of all such deterministic agents is the set of all such mappings,

Ager = AM-©. (68)

Then, let A € Aget be a deterministic function that outputs a4 if the last observation was o1, and
outputs as otherwise. That is,

A(ho) = {5{“1} o= o (69)

0{as} otherwise,

forallh € H 4,0 € O, where 6{a;} is the Dirac delta distribution on a;.

Then, for any choice of intervals where a < d, we see that for any 7 € [max(a,c) : d],

H(A; | Or:a-1, Ar:im1) > H(A; | Ogimin(v,iys Or:a—1, At:ic1) - (70)
>0 =0
Again by application of Lemma 4.2, this implies that P . (A, €) > 0, and we conclude. v

(iii) For all Esman C Evig and any intervals [a : b]y,, [c : d]n, P (A, Esman) < P (A, Evig)-
The result follows directly from the use of the max operator in the definition of plasticity. That is,
since
< 71
Jax f(z) < Jnax f (2), (71)

for any sets Xsman C Apig and function f, then

max [(Ogp = Acd) < max [(Ogp — Acd), (72)

e€Esmall eegbig

=P a:t (A Esman) =P act (N Evig)

as desired. v

(iv) (Informal) The following agents all have zero plasticity relative to every environment set:
Agents that always output the same action distribution, agents whose actions only depend on
history length, and agents whose actions only depend on past actions.
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The argument follows directly for all three agent classes by application of Lemma 4.2: For each
agent type, conditioning on observations tells us nothing about the actions the agent emits.

To be precise, we define a constant agent as an element of the set
Aconstant = {X € At Mh) = M), Vawen o} (73)
That is, a constant agent outputs the same probability distribution over actions in every history.
For any such constant agent, we find that
H(A; | O1:a-1, A1:i-1) = H(A; | Ogimin(v,iys Ot:a-1, A1:i-1)), (74)

since each A; ~ Ac(H) is conditionally independent of Og.min(p,i) given Ai.q—1,O1:-1, by
definition of A. as a constant agent. By Lemma 4.2, this concludes the argument.

The same reasoning applies to agents whose actions only depend on the length of history,
closed-loop agents, and agents whose actions only depend on past actions.

This concludes proof of all four properties. O

Proposition 4.5. €. (A e) = €L(A,e) and €1n (Agn, e) = € (Agn,e).
Proof of Proposition 4.5.

We show that Capdepuy’s and Klyubin et al.’s definitions of empowerment are special cases in
separate arguments.

(Capdepuy)
First, we can see that the GDI-based definition captures Capdepuy’s definition when 1 = a = ¢

and b = d = n, since

Cos(Ase) = rilg/{(]l(Alzn — O1:n) = €&(A ). v (75)

(Klyubin et al.)

Second, we show that when @ = 1, ¢ = n, and b = d = n and the set of agents in question are the
open loop agents, A,», then

Gg::g (Aan s e) =¢ Lin (Aan s e) = @% (Aan s 6), (76)
We start by expanding the GDI-based definition,
61:_n (Aan7€) = max H(Aa;b — Oc;d), an
AEAGn
= max [(A41., = O,). (79)
p(a")EAan

Now, since the agents are open loop, we know that I(O,, <— Aj.,) = 0. By Proposition 2.3,

H(On — Al:n) 'HI(Alzn — On) = H(Alzn; On)a (80)
N————
=0
and hence,
H(Alzn — On) = H(A1:n§ On)- (81)
Therefore,
Cut (Agn,e) = max [(Ay, — Op) (82)
cid p(a")EAun
= I(A1.;On 83
p(agl)%}/(\an (A ) (83
= (Mg, €)Y (84)
This conclude both equalities, and we conclude the proof. O
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Proposition 4.6 (Plasticity is the Mirror of Empowerment). Given any pair (X, e) that share an
interface, and valid intervals [a : b, [c : d],, the agent’s empowerment is equal to the plasticity of
the environment, and the agent’s plasticity is equal to the empowerment of the environment:

Cas (A) =P (), Pas (A) = Eas (e). (85)
Proof of Proposition 4.6.

The proof proceeds as a direct consequence of the definitions of empowerment and plasticity, and
the symmetry highlighted by Remark 2.8.

First, we expand each definition for the agent,
‘Bg;g (A) = ‘13‘;;3 ()‘7 6) = H(Oa:b — Ac:d); (36)
62;’} ()= (’33;3 (A e) = [(Aup = Oc.a). (87)
Now, to arrive at analogous definitions for the environment, we exploit the symmetry highlighted

by Remark 2.8 to recover notions of plasticity and empowerment when the environment is treated
as an agent,

‘Bg;g (6) = ‘Bg;g (65 A) = I[(Aa:b — Oc:d)a (88)
¢ 3 (6) = 6253 (6, )\) = ]I(Oa:b — Ac:d)- (89)

Now, notice that () = J(e) by Equation 87 and Equation 88, and 3(\) = &(e) by Equation 86
and Equation 89. O

Theorem 4.8. For all intervals [a : b],,[c : d], and any pair (A, e), let m = min{(b — a +
1)1og|O|, (d — ¢+ 1) log |A|}. Then,

62:‘3 (/\7 6) + %Z’j ()‘7 6) <m, (90)

is a tight upper bound on empowerment and plasticity. Furthermore, under mild assumptions on the
interface and interval, there exists a pair (\°, €®) such that P .a (\°, e®) = m, and there exists a
pair (X', €') such that € .., (X', €’) = m, thereby forcing the other quantity to be zero.

Proof of Theorem 4.8.

Let (), e) be a fixed but arbitrary agent-environment pair, [a : b, [¢ : d],, be valid intervals, and
let m = min{(b — a + 1)log|O|,(d — ¢+ 1) log | Al}.

Then, by Theorem 3.5, we arrive at the identity,

Pea (A e) + Car (N e) =1 [(On; Acia | Or:a—1, Ar:e—1), o1
<o min {H(Ogp), H(Aca) } 92)
<s min{(b—a+1)log|O|,(d — c+1)log|Al|}, (93)
=m, 94)

where =; follows from the conservation law of GDI (Theorem 3.5), <, follows by the standard
upper bounds on conditional mutual information, and <3 follows from the standard upper bound
on joint entropy.

To prove this upper bound is tight, we show there exists two pairs, (A°, e®) and (X', e’) such that
m — Py (A%, e%) =0, m—€a (N, ¢) =0, (95)
We present the argument for plasticity, and recall that by symmetry (Remark 2.8), the same will

hold of empowerment.

To do so, we require that |A| < |O] and (b — a) > (d — ¢). While the desired inequality will
likely hold under softer conditions, the argument is cleanest under these conditions. For simplicity,
we also assume a < c.
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By Proposition C.3, we express P (A%, €°) as follows

Pz (A, €°) = (Oup — Aca) (96)
= H(Amax(a,c):d | O1:a—1) — H(Aca || Oasb)- 7
Since we assumed a < ¢, we rewrite
Par (A%, €%) = H(Aca | Or:a—1) — H(Aca || Oacp)- (98)
Let k = |.A|, and let Oy, refer to the set containing the first k& observations, O, = {01, 02, ...,0x}.

Let e® be the environment that always emits o; along the initial (possibly empty) interval [1 :
a — 1],,, and emits a uniform random distribution over Oy, from time ¢ = a onward. Now, let \°
be the agent that always plays a; until the start of the observation interval [a : ], then on seeing
any observation o;, it mirrors the same action back, a;. More formally,

N _ Jo{o1} t€[l:a—1], oy JH{a} i<avi>k,
e(hi) = {Unif((’)k) i>a, Alhio;) = {(5{@} otherwise, ©9)

for all h; € H. ., 0 € O, where h;o; € H_, expresses the concatenation of h; and o;.
Additionally, we let 6{x;} express the Dirac delta distribution on z;.

In this situation, observe that
H(Acq | O1.a—-1) = (d —¢) - log |A], (100)

since the agent plays the uniform random distribution over A in this interval by mirroring the envi-
ronment’s uniform random distribution over Oy, and we assumed (b — a) > (d — ¢). Furthermore,

H(Aea || Oap) =0 (101)

since learning about the observation at each time-step in the interval [a : b] fully determines the
action in the interval [c : ¢ 4+ (b — a)]. Therefore, substituting into Equation 98

%253 (>‘07 60) = H(Ac:d | Ol:afl) - H(Ac:d || Oa:b) . (102)

>m =0

Hence, we conclude that

Par (A%, %) > m, (103)
and by the non-negativity of empowerment and plasticity,
€ar (A%,e%) <m — Py (X, €%) = 0. (104)

This completes the argument for the case of empowerment, and we call attention to the fact that by
symmetry (Remark 2.8), an identical argument holds for plasticity. O

C Other Results

Theorem C.1 (Data-processing inequality for GDI). Consider any tuple (X1.n, Y1.n, Z1.n) where
Z; is conditionally independent of X,.; given 'Y, for eachi =1...n. Then,

[(Xa:b = Yeua) > U Xap — Zea), (105)
for any valid intervals [a : bly,, [c : d]n.
Proof of Theorem C.1.

The argument follows an identical structure to the standard argument for the data-processing
inequality for regular mutual information, together with two inductive steps. The first inductive
step applies to the interval [a : b],, and the second applies to the interval [c : d],. We assume
across all arguments that each Z; is conditionally independent of X.; given Y; foreach: =1...n.

Base Case: a = b,c=d
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First, we consider the base case when a = b and ¢ = d, and assume a < d (if ¢ > d, we know
(X4 — Yeq) = 0 by Proposition 3.3). Hence, we write I(X,., — Ye..) = [(X, — Y).
Expanding the definition for both relations X to Y and X to Z, we fine,

d
I(Xe = Y) = > IXamine: Y | Xa1Y1:i1) = I(Xa Yinax(ae):  (106)
i=max(a,c)
d
]I(Xa — Zc) = Z ]I(Xa:min(b,i); Z; | Xl:a—lzl:i—l) = H(Xa; Zmax(a,c))~ (107)
i=max(a,c)

Then, we apply the standard proof technique for the data-processing inequality: We consider the
mutual information I(X; ¥inax(a,c)s Zmax(a,c))» and use the identity that

]I(Xa; Ymax(a,c)a Zmax(a,c)) = H(Xa; Ymax(a,c)) + H(Xa; Ymax(a,c) | Zmax(a,c))7 (108)
= H()(a; Zmax(a,c)) + ]I(Xa; Zmax(a,c) | Ymax(a,c)) . (109)
=0

Where the final term is equal to zero by the assumption that each Z; is conditionally independent
of X1.; given Y; for each ¢ = 1...n. Therefore, rearranging, we find that

H(Xa; Ymax(a,c)) + H(Xa; Ymax(a,c) | Zmax(a,c)) = H()(a; Zmax(a,c))a (110)
and by the non-negativity of mutual information, we conclude
H(Xa;Ymax(a,c)) > ]I(Xa; Zmax(a,c))v (111)
=I(Xa:a—Yeic) =l(Xa:a—Ze:c)
as desired. This concludes the base case. v

We next turn to the two inductive cases.

Inductive Case 1: [(X,.p — Yeo) > W Xap = Zee).

We assume as our inductive hypothesis that
[(Xap-1 = Yee) = I Xav—1 = Zewe)s (112)
and show that this implies
[(Xab = Yeo) 2 W Xab = Zewe)- (113)

We apply Proposition 3.4 once on the terms [(X,., — Y...) and [(X,.p — Z...) to decompose
them into

[(Xab = Yeo) = I Xap—1 = Yeio) + I Xpp — Yeio) (114)
I(Xap = Zee) =1 Xap—1 = Zee) + U Xpp = Zeoe). (115)
But then, by the inductive hypothesis and the base case, we know that
[(Xap—1 = Yeo) > W Xap—1 = Zewe)s [(Xpp = Yeo) > W Xpp = Zese)- (116)
Thus,
I(Xa:p = Yeic) 2 I(Xab = Ze:e) ; (117)

———— ———
=M Xap—1=Yee) Fl(Xpp—=Yere) =M Xab—1—=Zeie) H(Xp:p—Ze:c)

as desired. v’

Inductive Case 2: [(X,.p — Yeq) > W Xap = Zed)-

The argument for this inductive case is identical to the former, only we apply the inductive step to
the interval [c : d],. v/

This concludes the proof. O
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Next, as with most terms related to mutual information, the GDI is non-negative and upper bounded.
Proposition C.2 (GDI Upper Bound).

0 S H(Xa:b — }/;Zd) S ]I(Xa:b; Yc:d ‘ Xl:a—la }/l:c—1)~ (118)
Proof of Proposition C.2.

The two inequalities follow as a consequence of the definition of GDI, and its conservation law
(Theorem 3.5).
First, note that I(X,., — Y¢.4) is non-negative by definition:

d
I(Xap = Yed) = > I Xamin(ei; Vi | Xtia—1, Yisic1) - (119)

i=max(a,c)

>0

since it is the sum of conditional mutual information terms that are each non-negative by definition.
Second, by Theorem 3.5, we know that

H(Xa:b — }/c:d) + H(}/c:d — Xa:b) = H(Xa:b; }/c:d | Xl:a—h}/l:c—l)a (120)
and since all three terms are non-negative, it follows that

]I(Xa:b — Yc:d) S H(Xa:b; 1/c:cl | Xl:a—17Y1:c—1)- O

Lastly, we can decompose the GDI into conditional entropy terms.

Proposition C.3 (GDI Kramer Decomposition).
]I(Xa:b — Yc:d) = H(Ymax(a,(:):d | Xl:afl) - H(}/;:d || Xa:b)7 (121)

where

d
H(Yea || Xaw) = Y HYi | Yiie1, Xaumin(e.i): (122)

i=max(a,c)
is the generalization of Kramer’s causal entropy to arbitrary indices.

Proof of Proposition C.3.

The result follows by expanding the definition of GDI and applying the conditional mutual
information identity in terms of a difference of conditional entropy terms, as follows.

d
H(AXva:b — Y;:d) - Z ]I(Xa:min(b,i); Y; ‘ Xl:a—la Yl:i—l)a (123)

i=max(a,c)
d
> HY: | Xiao1, Yiio1) — HY; | Xaimin(v.iys X1:a—1, Yisi-1),

i=max(a,c)

d
= > HYi| Xia-1, Y1) = HY | Yiio1, Xtimin(es)): (124)
i=max(a,c)
d d
= Z H(Y; | X1;Q—17K:i—1) - Z H(}/z | Yl:i—lvxl:min(b,i))a
i=max(a,c) i=max(a,c)
=H(Yc:d||Xa:b)
d
= Y HY | Xie-1,Y1io1) | ~H(Yea || Xa), (125)
i=max(a,c)
=H(Ymax(a,c):alX1:a—1)
= H(Ymax(a,c):d | Xl:a—l) - H()/c:d H Xa:b)- O
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As a direct corollary of Proposition C.3 together with Proposition 3.2, we recover Kramer’s identity
as a special case, as follows.

Corollary C4. Whenl =a=candb=d =n,

H(Ymax(a,c):d | Xl:afl) - H(ch:d || Xa:b) = H(Yln) - H(len || Xl:n)a (126)
and,

H(ch:d H Xa:b) = H(len H Xl:n)- (127)
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