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Abstract of “A Theory of Abstraction in Reinforcement Learning”

by David Abel, Ph.D, Brown University, May 2020.

Reinforcement learning defines the problem facing agents that learn to make good deci-
sions through action and observation alone. To be effective problem solvers, such agents
must efficiently explore vast worlds, assign credit from delayed feedback, and general-
ize to new experiences, all while making use of limited data, computational resources,
and perceptual bandwidth. Abstraction is essential to all of these endeavors. Through
abstraction, agents can form concise models of their environment that support the many
practices required of a rational, adaptive decision maker. In this dissertation, I present
a theory of abstraction in reinforcement learning. I first offer three desiderata for func-
tions that carry out the process of abstraction: they should 1) preserve representation
of near-optimal behavior, 2) be learned and constructed efficiently, and 3) lower plan-
ning or learning time. I then present a suite of new algorithms and analysis that clarify
how agents can learn to abstract according to these desiderata. Collectively, these results
provide a partial path toward the discovery and use of abstraction that minimizes the

complexity of effective reinforcement learning.
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Part 1

PRELIMINARIES



INTRODUCTION

Suppose you take a walk in the woods. You nd yourself surrounded by pine trees,
chirping birds, a peaceful lake, and frogs eating delicious mealworms. A friend returns
from a walk and relays a story of a goat miraculously walking up a steep mountain
side. Your stomach grumbles and you deliberate over whether to eat an apple from your
backpack or to start a camp re and cook a hot meal.

Consider just how many activities are at your nger tips: you could climb a tree, discuss
philosophy with your friend, navigate to a nearby stream by listening for rushing water,
or create a map of the territory. To engage in any of these practices in this complex and
changing environment you must be capable of making hundreds of well-chosen decisions
that move you toward a particular objective. Moreover, you must make these decisions
while relying on imperfect memory and noisy sensory channels; some light hits your
retina indicating the sun has risen, changes in sound pressure are processed through
your ears to notify you of an impending thunderstorm, and nerve endings in your feet
tell you your boots are wet. Somehow, you map this continual stream of observations
to a choice of actions that moves you toward any of the above goals. How is this even
remotely possible?

Central to an agent's ability to solve problems is the capacity to reason abstractly—

walking into a tree will cause pain while moving around it may not. Hence, representing
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Part 1 Chapter 1 introduction

Figure 1.1: The process of abstraction.

particular patterns of visual stimuli as a tree that persists through time is immensely
useful. Additionally, conveying to other agents that trees possess the “do-not-walk-into”
property is likely to be critical to the overall tness of the community at large. Indeed,
many central practices of agency rely on abstraction: speculating about and learning
from hypothetical scenarios, overcoming new challenges because of their similarity to
past experiences, and forming high-level plans spanning months or years that inform
immediate action; all of these depend on a concise, adaptive, and abstract representational
toolkit. For these reasons, the capacity to learn and make use of appropriate abstract
representations is likely to be an essential cognitive skill of any intelligent agent, whether
biological or arti cial.

In the forest, we might imagine that a hiker trying to return to their tent may reason
using the abstract representation pictured in Figure 1.1. With this smaller model that still
retains relevant information, the hiker can carry out more valuable computation, explore
less, draw more robust inferences, and predict further into the future. These bene ts
ultimately enable the hiker to safely navigate to their tent and to thrive in nature more
generally. Where, though, does this model come from? And how can an agent discover
such a model solely by interacting with their surroundings? These questions have long

stood as a fundamental puzzle in the science of understanding intelligence.
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This dissertation is about the study of abstraction and its role in effective agency. |
ground this inquiry by concentrating on computational agents that must learn to solve
problems from interaction alone, as captured by the reinforcement learning (RL) problem.
Such an agent could consist of a nite state machine reacting to discrete symbols on a tape
for the purpose of sorting a list, but also a robot or animal observing the world through
sensors and a powerful action space that supports movement through and manipulation
of the environment. In this remarkably general framework, we will nd footing to make

the study of abstraction concrete.

1.1 the reinforcement learning problem

RL de nes the problem facing an agent that learns to make useful decisions through
observation and action alone. The primary objects of interest in RL are computational
agents, the worlds they inhabit, and the interactions thereof. An agent is understood
as any entity capable of perception and action, where perception involves the receipt
and processing of information from the environment, and action de nes the process of
committing to a choice from a set of alternative courses of behavior. | sharpen our use
of the term “world” in the next chapter, but broadly it is to be understood as a set of
possible states of affairs, causal laws that move the world between these states, and an
agent that makes decisions in the world based on a stream of observation.

Critical to RL is the assumption that one special observation of the world is a numeri-
cal reward signalthat corresponds to the immediate desirability of a given state of affairs.
The objective of an RL agent is then simple: maximize future rewards. Richard S. Sut-
ton and Michael L. Littman have articulated what is known as the reward hypothesjsor

reinforcement learning hypothestbat states the following:
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De nition 1.1. Thereward hypothesis states, “all of what we mean by goals and purposes
can be well thought of as maximization of the expected value of the cumulative sum of a

received scalar signal (reward)” (Sutto2004).

Indeed, reward prediction and learning has long played a role in understanding human
and animal cognition [ 280, 84, 38]. For our present purpose, | assume the hypothesis to be
valid, and proceed on the basis that the space of agents that effectively learn to maximize
reward can be likened to the space of intelligent agents. | note, however, that a more
thorough philosophical treatment of this hypothesis is of deep importance.

With these pieces in play, the RL problem is de ned at a high level as follows.

De nition 1.2. Thereinforcement learning problem is as follows. An RL agent interacts

with its environment via the inde nite repetition of the following two discrete steps:
1. The agent receives an observation and a reward.
2. The agent learns from this interaction and executes an action.

This process is pictured in Figufe2. The goal of the agent during this interaction is to make

decisions so as to maximize its long term received reward.

Figure 1.2: The RL problem.
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Returning to our peaceful forest, we might imagine that the hiker occupies the world
state pictured in Figure 1.1, and is learning about their surroundings to maximize reward.
Depending on the reward generating process, the hiker will be incentivized to exhibit
different kinds of behavior. For instance, the problem of navigating to a stream might be
associated with a reward signal that increases as the hiker gets closer to the water. An
effective agent, then, will learn to associate this positive signal with actions that move
them toward the stream. Over time, the most effective agents can reach the stream with-
out coming to harm along the way. To de ne the task of cooking food, we might attach
positive reward signal to the experiences of eating tasty food—again, effective agents will
be those that can prepare and eat food that is of suf cient levels of tastiness.

It is here that we nd the remarkable expressivity of the RL problem: any goal-driven
task can be de ned in terms of a reward function that is positive when the goal is satis ed,
and non-positive otherwise. Moreover, non-terminating behaviors such as controlling an
elevator, balancing a pole, survival, or regulating energy on a power grid can alsobe
elicited with the right choice of reward function by similar mechanisms.

Richard S. Sutton describes both the appeal and challenge of RL as follows.

Part of the appeal of reinforcement learning is that it is in a sense the whole
[arti cial intelligence] problem in a microcosm. The task is that of an au-
tonomous learning agent interacting with its world to achieve a goal. The
framework permits the simpli cations necessary in order to make progress,
while at the same time including and highlighting cases that are clearly be-
yond our current capabilities, cases that we will not be able to solve effectively
until many key problems of learning and representation have been solved.
That is the challenge of reinforcement learning.

(Sutton 1992 p. 2)

| am entirely sympathetic to Sutton's reasoning. Addressing the RL problem is of crit-
ical importance to establishing a holistic understanding of intelligence. Even roughly 30
years after the above quote, there are still many “cases that are clearly beyond our current

capabilities” at the heart of RL. To be effective, RL agents must address a combination of

three classical problems of machine learning:
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1. Generalization: Given experience from the past, how can an agent better act in the

future?

Examplel: The hiker spots an owl in the woods they have never before seen. How do they

know it is an owl?

Example2: You approach a door you have never before encountered and manage to open it

within seconds.

2. Exploration: How can an agent systematically trade off between 1) exploiting what
is known to be a reliably good choice with 2) making choices that may lead to new

discoveries?

Example: You visit your favorite restaurant, and deliberate whether to choose your go-to

entrée, or to try something new (that you might like even more!).

3. Credit Assignment: When feedback is delayed, how can an agent attribute credit to

the most causally relevant decisions made previously?

Example: You study for a test for weeks on end. Also, the night before the test, you eat a
bowl of cereal. You ace the test. How can you determine that it was the studying that led to

your success, and not the bowl of cereal?

Each of these problems individually is dif cult, but in RL, agents must simultaneously
address all three. | return to a more technical treatment of some of these problems
throughout the dissertation after introducing the mathematical tools of RL in Chapter 2.

Fortunately, however, abstraction can help address each of these challenges.

1.2 abstraction

Indeed, understanding abstraction and its role in agency has long stood as one of the
fundamental questions of arti cial intelligence (Al), dating back to the famous workshop

at Dartmouth that founded the eld:
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The study is to proceed on the basis of the conjecture that every aspect of
learning or any other feature of intelligence can in principle be so precisely
described that a machine can be made to simulate it. An attempt will be made
to nd how to make machines...form abstractions and concepts.

(McCarthy et al. 2006 p. 1)

Since this workshop, the study of abstraction in Al and related elds has led to a
profound appreciation for the role abstraction can play in both arti cial and biological
creatures. The focus of this dissertation is naturally on the former, though a large body
of research in the cognitive, neuro, and psychological sciences examines the prevalence
of abstraction in the representational and decision making practices of humans [ 50, 158
320, 297, 48, 337, 266, 97].

The RL problem is perfectly suited to a scienti ¢ study of abstraction. Observation, on
its own, is far too complicated for an agent to reason with while acting in a changing
world. Thinking takes time. Processing, understanding, and reacting to every detail of a
history of observations is computationally intractable. Additionally, in deliberating over
possible futures, the space of sensible changes to the world that are worth considering is
dramatically smaller than that of the possible future observation stream. Behavior, too,
can often be de ned at multiple levels of abstraction. For instance, an ant may act so as
to follow its friend, or choose which precise muscles to twitch to propel its legs.

At a high level, the process of abstractioncan be divided into two broad categories:
1) state abstraction, which de nes the practice of representing only the most relevant
properties of the world, and 2) action abstraction, which de nes the practice of forming
a relevant set of long horizon behaviors available to an agent. In both cases, following
Giunchiglia and Walsh [ 119, | understand abstraction as “the process of mapping a rep-
resentation of a problem onto a new representation” ( 1992 p. 1).

Let us return to the woods. Suppose our hiker is trying to navigate back to their camp,
and can choose to represent this problem in great detail, or in the abstract, pictured in
Figure 1.3. In each case, the hiker deliberates over possible future courses of action. In the

rst, however, the hiker's actions are modeled in terms of the smallest possible execution
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(a) Reasoning in the environment. (b) Reasoning in the abstract.

Figure 1.3: A comparison of the problem posed to a hiker navigating to their tent in a
forestin ne detail (left) and in the abstract (right).

of behavior—a slight step in one direction, or a tilt of the head. In the second, decisions are
considered that only change something substantiveabout the environment—previously,
the hiker was west of the bridge, and now, they are to the east of the bridge. Depending
on the problem, different degrees and types of abstraction will be most effective.

A state abstraction determines which changes to the environment count as substantive.
As the agent walks toward the bridge, for instance, the clouds shift overhead. The breeze
picks up slightly, and a bird ies by. These small changes are likely to be irrelevant to the
hiker's objective of crossing the bridge. Conversely, when the hiker has reached the river
and can see the bridge, the state has changed in a relevant way. This strategy for reasoning
in terms of abstract states of affairs alone is pictured in Figure 1.3b. Note that only six
states are required; the hiker might occupy the three distinct regions of the woods west
of the river, the bridge, and their camp. These properties obscure many nuances such as
weather, precise orientation, and even subtleties about the agent's physical or mental state.
For some problems, these six states along would be entirely insuf cient for permitting the
representation of good behavior.

In Figure 1.3a, we instead see the diversity of state representations available if any

slight change to the environment is perceived as a substantive change to world state. The
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agent could be next to the river, north of the bridge by ve paces as opposed to four—
or, the agent could be immediately under a tree as opposed to standing near it. For
some problems, it is crucial to represent detailed aspects of the environment. For others,
however, a state representation that mirrors the gure on the right is more effective.

An action abstraction determines the arrows moving between nodes in Figure 1.3b.
From the hiker's perspective, abstract actions are simply those behaviors that should
be considered in choosing a course of action. Again supposing the hiker is trying to
arrive safely at their camp, they may choose to navigate to a nearby hill to gain a view
of the surroundings, or may navigate to a known landmark such as the bridge (from
which they can quickly return to camp). In contrast, of course, the “primitive” actions
de ne the smallest possible choices available to the hiker—moving a toe, leg, or hand,
for instance. Action abstraction has appeared under a variety of names such as skills,
temporal abstraction, or macro-actions. | here use the general term of action abstractiorio
capture each of these despite their differences.

Naturally, the two types of abstraction are intimately connected. As presented in Fig-
ure 1.3b, there is an explicit sense in which they are related: by some accounts, an abstract
action is just a behavior that takes an agent from one abstract state to another. This par-
ticular perspective connecting the two abstraction types has a rich history in Al, and will
resurface several times throughout this dissertation. However, it is not the only sense in
which the two forms of representation might be connected. Konidaris et al. [ 18(] proves
that algorithms that build an abstract state representation based on a given collection of
abstract actions can preserve desirable properties. Indeed, dating back to the early work
of Dietterich [ 8g], the two types of abstraction have been tied together. Near the end of
the dissertation, | will return to a technical analysis of state-action abstractions (Part 4).

Finally, repeated application of state or action abstractions can induce hierarchical ab-
straction, through which entities can be represented at varying levels of granularity. In

the forest, hierarchical abstraction may permit the hiker to reason using both the left and
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the right representation, depending on the task at hand. As thinking time or data be-
comes more readily available, a more detailed representation may be used. If, however, a
quick decision needs to be made, or if the world is fundamentally unpredictable in great
detail at certain time horizons (for instance, it remains dif cult to predict the weather

a few days away), the hiker may opt for the representation on the right. Many of the
fundamental open questions in the area center around hierarchical abstraction, with state
and action abstraction serving as palatable chunks that can be analyzed independently.
As with state-action abstraction, | will return to hierarchical abstraction near the end of

the dissertation in Part 4.

1.3 thesis statement
With the main conceptual framework in play, | now highlight the central question ad-
dressed by this work:

How do reinforcement learning agents discover and make use of good abstractions?

| answer this question by advancing the following thesis:

Thesis

——o == o <—

By drawing on insights from computational complexity theory, decision-
theoretic planning, and information theory, it is possible to design ef cient
algorithms for discovering abstractions that reduce the amount of experience

or thinking time an RL agent requires to nd a good solution.

To defend this thesis, | introduce three desiderata that articulate which abstractions are

useful in RL. At a high level, these desiderata state the following.

Good abstractions for RL are easy to discewel enable ef cient learningf high value policies
7111111111111111111111111771111911111111111111111111111117°

(o)A (D2) (D3)

| present more detail and justi cation for these desiderata in Section 2.4.
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1.4 contributions

The remaining defense of this thesis is organized as follows.

part 1 . In Chapter 2, | provide necessary background on RL (Section 2.1) along with
state abstraction (Section2.2) and action abstraction (Section 2.3). Then, | introduce and

motivate the abstraction desiderata in more detail (Section 2.4).

part 2 . The next part is dedicated to state abstraction. | present new algorithms and
three intimately connected sets of analysis, each targeting the discovery of state abstrac-
tions that satisfy the introduced desiderata. In Chapter 3, | develop a formal framework
for reasoning about state abstractions that preserve near-optimal behavior. This frame-
work is summarized by Theorem 3.1, which highlights four such suf cient conditions
for value-preserving state abstractions. Then, in Chapter 4, | extend this analysis to the
lifelong RL setting, in which an agent must continually interact with and solve different
tasks. The main insight of this chapter is the introduction of PAC state abstractions for
the lifelong learning setting, along with results clarifying how to ef ciently compute them.
Theorem 4.4 illustrates the sense in which these abstractions are guaranteed to preserve
good behavior, and Theorem 4.5 shows how many previously solved tasks are suf cient
to compute a PAC state abstraction. | highlight results from simulated experiments that
illustrate the utility of the introduced types of state abstractions to accelerate learning
and planning. Lastly, Chapter 5 brings the tools of information theory to bear on state
abstraction. | develop a tight connection between state abstraction and Rate-Distortion
theory [283 43] and the Information Bottleneck Method [ 319, and exploit this connec-
tion to design new algorithms for ef ciently constructing state abstractions that elegantly
trade off between compressiomnd representation of good behavibextend this algorithmic
framework in a variety of ways, illustrating its power for discovering state abstractions

that afford sample-ef cient learning of good behavior.
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part 3 . |thenturnto action abstraction . In Chapter 6, | present analysis from Jinnai
et al. [144] studying the problem of nding abstract actions that make planning as fast as
possible—the main result states that this problem is NP-hard in general (under appropri-
ate simplifying assumptions), and is even hard to approximate in polynomial time. Then,
in Chapter 7, | address the problem of constructing the predictive modethat accompanies
high level behaviors in planning. Such a model enables an agent to estimate the outcome
of executing the behavior in a given state (what will the world look like after | open this
door?). In this chapter | introduce and analyze a new model for these high level behaviors,
and prove that this simpler alternative is still useful under mild assumptions. | provide
empirical evidence that indicates the new predictive model can serve as a suitable substi-
tute for its more complicated counterpart. Lastly, in Chapter 8, | examine the potential for
abstract actions to improve the exploration process. | describe an algorithm developed
by Jinnai et al. [14 that is based around the notion of constructing abstract actions that
can easily reach all parts of the environment, and demonstrate that this algorithm can

accelerate exploration on benchmark tasks.

part 4 . Finally, | turn to the joint process of state-action abstraction. In Chapter 9, |
present a simple mechanism for combining state and action abstractions together. Using
this scheme, | then prove which combinations of state and action abstraction can preserve
representation of good behavioral policies in any nite MDP, summarized by Theorem  9.1.
| next study the repeated application of these joint abstractions as a mechanism for con-
structing hierarchical abstractions. Under mild assumptions about the construction of
the hierarchy and the underlying state-action abstractions, | prove that these hierarchies
can alsopreserve representation of globally near-optimal behavioral policies, as stated in

Theorem 9.3. | then conclude in Chapter 10 with re ections and directions forward.

Collectively, these results articulate a theory of abstraction in reinforcement learning.

Figure 1.4 presents a visual overview of this dissertation.
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Figure 1.4: A visual overview of this dissertation.

I now turn to providing necessary background and notation on RL and abstraction. For

those familiar with RL, | recommend skipping to Section 2.2.
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BACKGROUND

Parts of this chapter are based on “Concepts in Bounded Rationality: Perspec-
tives from Reinforcement Learning2] and “A Theory of State Abstraction

for Reinforcement Learning’3].

In this chapter, | bring clarity to the concepts of agent reward signal world, and abstrac-
tion by introducing the RL problem. In particular, | survey the key de nitions and nota-
tion of the RL problem (Section 2.1) along with state (Section 2.2) and action abstraction

(Section 2.3).

2.1 reinforcement learning

There are many possible choices for formalizing the agent-environment interaction. How

is time to proceed—continuously, or in discrete rounds? What is the space of observa-
tions? Are all worlds of interest necessarily spatialor lled with objects, at least in some

capacity? With so many choices, it is not clear how to restrict attention to a suitable set of
worlds. One natural response might be the space of computablevorlds, or perhaps those
with polynomial-time laws that transition the world from one state to the next. Indeed,

it is challenging to identify a set of worlds that is both suitably general while remaining

restricted enough to be useful.
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In computational RL, the space of relevant environments are those that may be modeled
as a discrete-time Markov Decision Process (MDP) [265. At a high level, the space of
MDPs de nes worlds in which the next reward and the probability of arriving at the
next state of the world can be fully predicted by the current world state (and perhaps, an

agent's choice of action). Formally, an MDP is de ned as follows.

De nition 2.1. Adiscrete-timeMarkov Decision Process is a six tuple,”S,A,R, T,g,rg*,

where:
* S: A set of states describing the possible con gurations of the world.
« A: A set of actions describing the possible choices available to an agent.
*R S A S RMin,RMax : Areward function.

T S A D Se: A transition function denoting the probability of arriving in the

next state of the world after an action is executed in the current state.

« g > 0,1s: A discount factor, indicating an agent's preference between near-term|and

long-term rewards.

* ro>D"Se: The probability of starting in each state.

The “Markov” in M DP indicates that the transition function, T, and reward function,
R, both depend only on the current state of the world (and action), and not the full state

history. That is,

Ts1Ss,a pPs1Ss,a pPs 10,80 ...,% &, 2.1

R's,a,s 1*° R's,a,s 150,20, .-, &e. (2.2

Here, and throughout this dissertation, | use p~xe* as shorthand for a probability mass

function P"X xe, where X is a discrete random variable taking on values x >X.
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Equation 2.1 and Equation 2.2 state that there exist functions that fully characterize
the next state distribution and next reward from the current state and action alone. This
assumption is remarkably useful for simplifying analysis while still retaining appropriate
generality. Moreover, if any environment is not Markoy, it is typically feasible to roll
the last k >N steps of the world into a new memory-rich state representation, thereby
yielding a Markov model. In this way, MDPs generalize Markov chains [ 55] and Markov
reward processes [273 by allowing an agent to in uence the state distribution T"s*Ss, a»
and reward R’s, a,s% according to the agent's choice of action.

There are a few things to note about the reward function. First, there are three natural
ways it may be expressed: R"s*, R"s,as, and R"s,a,s%. Naturally, the third form is the
most general, fully subsuming the rst two. For this reason | introduce reward functions
in the most general form, but will occasionally use R"s* or R"s,as for brevity. Note that
either of these are just shorthand or cases where all actions or all next states have the same
reward for the given state. Second, while | have de ned R as a deterministic function, it
can in general be a probability distribution with support  RMin,RMax . Throughout the
dissertation | will tend to treat R as deterministic both in analysis and experiments unless
otherwise noted. Lastly, | will sometimes assume the initial reward rq is sampled from
some initial reward distribution R"spe with the same support mentioned previously.

The central operation of RL is the repeated interaction between an agent and an MDP
in discrete time steps. It is common to assume that the agent knows everything about
the current stateof world: the agent has no uncertainty regarding which state it occupies,
only what the reward and transition functions are. A more general formalism alsomod-
els hidden information, called the Partially Observable MDP (POMDP) [ 154. In both
POMDPs and MDPs, the agent interacts inde nitely with its environment with the goal
of learning how to take actions that maximize long-term discounted reward. Throughout
this dissertation, | make the standard assumption that the environment can be accurately
modeled by an MDP, rather than a POMDP. Other work has considered a more general

variant of the RL problem in non-Markovian settings [ 279 134, 330, 197). | focus only
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on agents learning in Markovian environments, though note that there is interesting and
important work to be done in clarifying the role of abstraction in these general settings. |
will often restrict attention only to nite MDPs, too, in which the state and action space
are assumed to be nite.

From a methodological perspective, MDPs occupy an appropriate middle ground be-
tween simplicity and generality. | take it to be of fundamental importance to address
prominent open questions in the context of simple formalisms for which those questions
still remain open. By providing principled answers in these restricted settings, we can
systematically build up our understanding and guide future research into richer settings
rooted in rst principles.

Under the assumption that RL agents will interact with an MDP, the RL problem can

be stated more precisely as follows.

De nition 2.2. TheRL problem is formalized as follows. An RL agent interacts with Jn

MDP M "S,A,R,T,g,ro* by repeating the following four steps, letting 10:
1. The agent receives a state>$ and a reward ¢ >R from M.
2. The agent learns from this interaction and outputs an actiqrs A.
3. The MDP outputs the nextstate;s T s 1S5, &, andrewardy 1 R s, a,S 1°.

4. Increment t.

The goal of an RL agent interacting with an MDP is to make decisions that maximize

long term discounted reward:

Q ng". (2.3)
to

The standard objective of an RL agent is to solve for behavior that will prescribe what to
do from any state the agent might occupy. Note, though, that this is a stronger notion than

what is strictly necessary. If the agent starts in state 55  r g, then there may be some states
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of the environment that are dif cult to reach. In this sense, it might be more effective
to focus attention on those states that are likely to be visited during the agent's lifetime.
This insight will emerge shortly when we discuss the quality of an agent's decision.

We ground this notion of behavior in all states in the MDP with a policy:

De nition 23. Apolicy,p S DAe,is a prescription for behavior for any state in the

given MDP.

Note that in the general case a policy can be stochastic. To make a decision, then, the
agent samplesa p~ Sse. Given that deterministic policies are often of interest, | will
also usep”s* to denote a deterministic policy.

To characterize the notion of expected long term expected discounted reward, we next

introduce the value (V) and action-value (Q) functions.

De nition 2.4. Thevalue function VP S R, under a policyp of a state s> S is
denoted

VP'ss Q p"aSs Q R'sas¥ gT s%k,aVP s, (2.4)
A 5

De nition 2.5. Theaction-value function , QP S A R, under a policyp of a state

s>S and action & A is denoted

QP"s,a» Q R's,as¥ gT sk, aeVP %, (2.5)
38

| denote the value (V) and action-value (Q) functions under the optimal policy as V¥
and Q¥ respectively, which are determined by applying the max operator to the Bellman
Equation [41]:
Vs mgGCIEgoe R's,as® gT %% aVis% | (2.6)
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Since the support of R is the real valued interval RMin,RMax , | will denote

QMax VMax B FiM ZX, 2.7)
QMin  VMin C F;M 'g , 2.8)

as upper and lower bounds on the value achievable in a discounted, in nite horizon RL

problem. That is, for any state sin any MDP,

VMin BV*"s BVM ax. (2.9)

In general, the value of a policy will serve as our primary method for evaluating an
agent's behavior, and in many cases, for determining learning progress. Recently, Belle-
mare et al. [40] propose an extension to the classical Bellman Equation that translates the
expected future returns into a distribution over future returns. Later work has developed
RL algorithms that learn relative to this distributional objective to great effect[ 80, 79, 130,
and has given rise to new explanatory models of the role dopamine neurons play in re-
ward error prediction [ 81]. While | do not attend to these directions, there is interesting

work to be done in combining the ideas of abstraction and distributional RL.

example. Letus now consider an example: the Russell and Norvig grid world, used
by the classic Al textbook [276. The Russell and Norvig grid world is a discrete, 4 3
two-dimensional grid in which each state corresponds to the agent inhabiting one of
the eleven empty grid cells (Figure 2.1). For the purpose of clarity, | adopt a factored
representation for states. Speci cally, each state will be de ned as “Xx,ye, for X >N 14,
y >N ;3. Here, "1, 1 denotes the state in the bottom left corner with x landy 1,
with X increasing as the agent moves to the right and y increasing as the agent moves up.
Naturally, an enumerated state space representation could be adopted, too, according to
which the states are represented by a single number (and thus not imposing any notion

of “space” onto the problem). The grid world MDP is then de ned as follows.
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Figure 2.1: The classical grid world by Russell and Norvig [ 274.

1.S 71,1,72,10,73,10,74,1+,71,20,73,20,74,2,71,3,72,3,73,3,74, 3,

1 s® 74,3,
3. R's,a,s% g1 s® "4,
0 otherwise,
o]
4. T's®Ss,a» 17s* grid _movés, ass where,

¢
;;“s.x,minAs.y 1,32 a and s.xX X 2,

EEAminAs.x 1,45y a and sx 1,2,
grid _movés,a ;"sx,max’sy 1,1e a andsxx2,
i"max’sx 1,1,sys a  andsx 3,2,

as otherwise,

5- ro’\s. 1~S Alf 1.. 1

6. g 0.99.

That is, the reward function outputs zero for every transition unless the agent enters

state @,3) or (4,2), in which case it receives +1 and -1 respectively. The four actions move
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the agent in each cardinal direction with the exception of moving into the wall or edge of
the environment, which yields no effect. Lastly, when the agent arrives in either ( 4,3) or
(4,2), the episode ends and the agent moves back tos, to start the next episode.

From the perspective of the learning agent, it does not know that this grid world has
a Cartesian coordinate system, and that the action associated with the symbol “ ” will
typically increase its x coordinate. Instead, the agent must repeatedly experiment with
the execution of different behaviors. With the initial state distribution rg only assigning
mass to "1, 1+, the agent is rst presented with choosing an action in the lower left state.
Without prior information, each state is equally informative, and so the agent might
choose . Upon execution of this action, the MDP samples s;, T~ Ssg "1,1s,a

e;andr; R'sg 71,10, S5 1,1. Now, after this single action execution,
the agent occupies state™1, 1+, since the action moved the agent into the wall. After
receiving the rst bit of signal from the environment the agent has the opportunity to
learn something. What effect did applying the © " actionin s ~1,1s have? How much
reward was received? As more data is gathered, agents will be better positioned to give
high con dence answers to these questions for different s, a» pairs throughout the MDP.

This process continues inde nitely: the agent receives a state and reward pair from the
environment ( s, r¢), and chooses an actiona;,. The MDP then transitions to the next state

and generates the next reward. This process is pictured in Figure 2.2.

Figure 2.2: The RL problem when an agent interacts with an MDP.
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It is often useful to allow the agent to periodically resetby resampling s rg. Such
a system typically xes a nite horizon H >N and allows the agent to execute up to
H actions before resetting to a start statesy rg. This setting is referred to as episodic
RL, with each episode consisting of at most H steps, as is the case in the grid world
above. In some cases, arriving at special goal or trap states (such as4,3) and (4,2) in the
present example) can also have the effect of resetting the agent. All of this is in contrast
to continual learning in which the agent repeatedly interacts with its environment and is

never allowed to reset.
2.1.1 Canonical RL Algorithms

What, then, does it look like to solvethe RL problem? A typical solution comes in the
form of a learning algorithm that captures a particular strategy for mapping a history of
experiences,” ro, S, 80,1, S1, &, - . # t0 an action. In this way, the space of RL algorithms is
roughly the space of all functions that map arbitrary length histories of experience to a
choice of action. Good algorithms are those whose action selection becomes better with
time, as measured by the sum of discounted rewards received.

RL algorithms can be divided into three broad categories: policy-based, model-free,
and model-based. Each category is an answer to the question: “which functions are
being estimated during learning?”. If an RL algorithm maintains estimates of the tran-
sition and reward functions, T and R, then it is said to be model-based. If the reward
and transition functions are not estimated, but the action-value function Q is, then the
algorithm is model-free. Lastly, if all that is estimated is the policy directly, then it is
policy-based. These are relatively loose boundaries, however, as many algorithms often
compute partial solutions to different functions or carry out implicit computational work
that resembles construction of one of these functions [327]. A rough division between
these three approaches is pictured in Figure 2.3.

In model-based RL, the transition and reward functions are typically estimated explic-

itly. Then, using these estimates T and R, the agent often constructs a simulated MDP,
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Figure 2.3: The different families of RL algorithms.

M, which can be used to do explicit search for good behavior, or to evaluate different
policies. That is, given simulation access to an MDP M that is suf ciently similar to the
environmental MDP M, the agent can perform computations on M to construct p* or
perhaps Q*, which can induce a policy by choosing the action with highest value.

In model-free and policy-based RL, the agent typically maintains an estimate of the
action-value function Q or a policy p directly. Various mechanisms are adjusted in order
to learn these functions faster by assigning credit more ef ciently, generalizing more
robustly, or exploring more elegantly.

There are good arguments to adopt each style of algorithm depending on the context.
For instance, recent work by Sun et al. [30] illustrates a gap in the ef ciency between
model-based and model-free approaches under a particular method of dividing the two
families. On the other hand, it has proven dif cult to estimate accurate models. For
instance, even nearly-accurate one-step models are known to lead to an exponential in-
crease in the error of n-step predictions as a function of the horizon [ 157, 54], though
recent approaches show how to diminish this error through smoothness assumptions [ 23].
Moreover, composing an accurate one-step model into an n-step model is known to give
rise to predictions of states dissimilar to those seen during training of the model, leading
to poor generalization [ 314]. Notably, model-free and policy-based methods have enjoyed
a great deal of success when combined with deep neural networks, giving rise to so called

“deep RL" methods that learn effectively in a variety of challenging domains from Atari
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[237] to robotics [ 199. For more discussion on the relationship and interplay of these two
families, see work by Asadi [ 21]. To build further intuition, I now introduce two classical

RL algorithms, one model-free and one model-based.

model -based: r-max. One of the earliest successful model-based algorithms was
that of Explicit Explore-Exploitor E3, developed by Kearns and Singh [157]. This pioneering
work established early theoretical guarantees for the ef ciency ES, which has since paved
the way for a long and fruitful sequence of new and improved algorithms. Around the
same time, Brafman and Tennenholtz [54] introduced the algorithm R-Max, which uses
a similar exploration strategy to ES, and will be used in analysis and empirical study
throughout this dissertation.

R-Max makes decisions by exploring so as to seek out every opportunity for high-
performing behavior. That is, R-Max initially supposes it inhabits the maximally reward-
ing MDP: all rewards are believed to be RM ax, the maximal possible reward, and all
transitions are assumed to be self-loops. Then, the algorithm acts according to the opti-
mal policy in this optimistic MDP to explore and collect experience. Consequently, the

algorithm will effectively try newactions that it does not yet know about. R-Max uses all

Algorithm 2.1 R-Max
Input: # d, g, S

L m f #de

2: initialize T,R,n

3 O solve _.mdpR,T,ge
4t 0

5. while True do

6 a argmax,Qs,b
7 IS 1 act's,ae
8: nN“s,a* nNs,a 1
9 if nAst,at-A m then

10 Q,R, T update_model()
1L end if
12 t t 1
13 end while
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collected experience to inform empirical estimates of the reward and transition function
for each "s,a pair it encounters. Once enough data is collected for a particular “s, ae
pair, the empirical estimate of the reward and transition replace the optimistic estimate,
and the behavioral policy is recomputed based on this mixture of known and optimistic
reward and transitions. Simpli ed pseudocode for R-Max is presented in Algorithm 2.1,
where act s, a* de nes a single interaction with the MDP. For more details on R-Max,

see Brafman and Tennenholtz [54] or Chapter 2.1 of Strehl et al. [301].

model -free : Q-learning . The second and perhaps most canonical RL algorithm
is called Q-learning, rst introduced by Watkins and Dayan [ 33€. Q-learning maintains
an estimate of the Q function for each state-action pair, and proceeds on the basis of
performing one simple update to this Q function estimate based on the last experience,
s 1,& 1,1t 1,S*, and a learning rate a > 0,1. That is, we rst initialize a Q-function
according to some protocol, such as choosing Q values uniformly at random from the
interval QMin,QMax . Or, more commonly, the initial Q function is set to be either 0, or
is set optimistically where Qo’s,a QMax for all s,a Then, actions are chosen according

to the greedy policyde ned as follows.

De nition 2.6. Thegreedy policy with respect to some Q function is:

poaSs lom argmaxQ’sa¥ , (2.10
aCe

where | assume thatrg max returns a single entity, breaking ties consistently according to

any xed method.

Note that if the given Q is in fact Q¥, then po+ will be optimal. However, prior to
learning QF, acting greedily will not suf ciently explore the environment as the agent may
over commit to locally promising but globally poor solutions. Indeed, the main guarantee
provided about Q-learning is that its asymptotic performance is optimal subject to the

assumption that every state-action pair is experienced in nitely often in the limit (among
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other assumptions) [33€]. Clearly, for many choices of initialization Qo, the greedy policy
may force Q-learning to only experience a small subset of the state-action space, thus
violating the conditions necessary to ensure convergence to optimal behavior.

The most common method of overcoming this dif culty is to pair  Q-learning with an
#greedy policy, which chooses an action uniformly at random with some small #> 0,1

probability, de ned as follows.

De nition 2.7. The#-greedy policy, for#> 0,1, with respect to some Q function is:

g
21 # a argmaxQ’s a%¥,
Po# aSse | (2.11)

:,s\im otherwise

Using an #greedy policy (or another choice of stochastic policy, such as a softmax [22])
Q-learning makes decisions that are greedy with respect to its current estimate of the
Q function and slowly updates this estimate to be more accurate over time. Speci cally,

when an experience"s 1,& 1, 1,5 takes place, the following update is applied:
Qs pa s "1 aQii's nare arny maxQis,a%. (212

The full pseudocode of Q-learning is presented in Algorithm 2.2. For more detail on

Q-learning, see the original work by Watkins and Dayan [ 334.

Algorithm 2.2 Q-Learning
Input : a, g, S0, Qo, #

.t O

2: while True do

3 & Poy e

4: r,S 1 act s, ae
5 Qi i"sar "1 a Q¢ s, ac ary maxgsa Qs 1,8%e
6 t t 1
7. end while
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| will shortly contrast how these two algorithms behave in the grid world described
earlier in the section. First, we must attend to the broader question: what does it look like

to compare different RL algorithms?

2.1.2 Evaluation in RL

As with other areas of machine learning, there are two broad approaches for evaluating
and understanding an RL algorithm. First, theoretical guarantees may be established
about an algorithm, often presented in the form of convergence to desirable xed points,
a bound on the sample complexity of exploration [ 155, the algorithm's (Bayesian or fre-
quentist) regret [ 28], or a KWIK bound on the algorithm [ 204]. Second, empirical investi-
gations of hypotheses relating to algorithms and their properties, or analysis on explana-
tory benchmark tasks. These may include visuals of learned policies, value functions,
or representations, or, most commonly, learning curves illustrating the agents learning
process.

In this section | provide a brief overview of these two approaches to evaluation. The
focus of this dissertation is on algorithms (and the abstractions they use) that can reliably
and quickly nd near-optimal behavioral policies in any MDP. Naturally, there is much
more to the RL problem that | can not cover here. In particular, we might also care about
robustness, explainability, how an algorithm handles failures, safety, generalization, and

many other properties of interest.

sample complexity of exploration . After conducting an experiment that in-
volves a learning algorithm interacting with a chosen MDP, what is useful to have learned
about the algorithm? There are many possible answers. The most pressing is typically
related to the sample ef ciency of the algorithm; how many experiences are needed until

the algorithm will achieve a satisfactory level of performance? This notion is grounded
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in several different measures in RL, with the rst being the sample complexity of explo-
ration introduced by Kakade [ 155, based in part by the analysis done by Kearns and

Singh [157] and Brafman and Tennenholtz [ 54].

De nition 2.8. Let#>R denote accuracy arl>R  denote an allowed failure probabil

ity. The expression,

1 1 ,
zc%,a,sss\sm,RMax (2.13)

is asample complexity bound for a learning algorithmd if the following holds. For any
nite MDP M, RMax A 0: let A interact with M, starting in s  rg, resulting in the

process §ro, &, S1, .- » Then, with probability at least d, the number of time steps suc

=)

that VA "si» @V¥ s+ # is at mostz” 3, %,SS&S%, RMaxs.

The sample complexity captures how many mistakes we expect an algorithm to make
in any nite MDP, if left to run inde nitely. That is, a sample complexity of SSwill tell
us that the agent might make one mistake per state in the MDP. The sample complexity
is intended to clarify an RL algorithm's effectiveness for exploring its environment while
also learning to make good decisions in that environment. It determines, for a given #and
d, how many mistakes the agent is expected to make before acting in a near-optimal way.
The Probably Approximately Correct in Markov Decision Processes (PAC-MDP) [ 301] cri-
terion expresses a desirable guarantee about an algorithm's sample complexity, inspired
by the seminal work establishing the learnability of concepts in supervised learning intro-
duced by Valiant [ 323. PAC-MDP algorithms are those that achieve a polynomial sample
complexity and computational complexity with respect to #d and the MDP parameters.

For an early survey of PAC-MDP approaches, see work by Strehl et al. [ 301].

regret .  The regret compares an agent's total expected accumulated reward to that of

the optimal policy from the time of the agent's rst action execution.
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De nition 2.9. Letnf~Me denote the average reward of the optimal policy in MDP M:

M "Me nf"M,s mixAM,p,Sm (2.14)
p

Further let G M, A , sy, He denote the total accumulated reward by the agent after H steps

in MDP M with start state sg:
H 1
G'M,A ,so,H* Q r¢ (2.15
to

Then the following is theegret of an algorithmA , with nite horizon H, on MDP M.

RegretM,A ,s9, He Hnf Me G M,A s, He. (2.16)

Regret differs from the sample complexity of exploration in several critical ways. First,
the magnitude of each mistake the agent makes matters. While sample complexity counts
the number of mistakes, the size of the mistake made will contribute to an agent's overall
regret. Second, in measuring regret, the agent's long term behavior must approach the
global optimum, and not a locally optimal policy for the region of the state space the agent
is in. Regret is also commonly presented in two slightly different forms: Bayesiarregret,
in which the agent is compared to optimal behavior relative to its prior, and Frequentist
regret, in which the agent is compared to the true optimal behavior. For more on these

two measures and their relationship, see work by Dann et al. [ 82].

kwik . Li et al. [204] introduced the Knows What It Knows (KWIK) criterion, which

captures prominent elements of the PAC objective, but also incorporates an adversarial
element. In KWIK, we suppose there exists an input set X and output set, Y. A given
hypothesis class,H, contains a subset of possible functions from X to Y. The agent's goal

is to learn some target function, h* >H during the following repeated process:
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* The agent and an adversary are given #>R, d>R, and H.
« The adversary selects the target function h* >H.

* Repeat:
— The adversary selectsx >X and gives it to the learner.
— The learner predicts an output, ¥ >Y8 U.
— If yxU, then it must be accurate: § h*"xsSB# otherwise, the run is a failure.

— If y U, then the learner observes z > Z of the output, where z y in the

deterministic case, and has noise determined by nature in the stochastic case.
» The probability of a failed run must be bounded by d.

« Over the course of a run, the total number of steps on which ¥ Umust be bounded

by B # de.

KWIK has been used as a further evaluative criteria in the RL to bound the number
of experiences needed for an agent to accurately learn the model, T and R [93, 333 334,
335. KWIK typically deals with learning the transition model or rewards directly, and
so is naturally suited for model-based RL. It provides stronger guarantees than sample

complexity, since both samples and the target function are chosen in an adversarial way.

empirical evaluation in rl . Empirical evaluation in RL is naturally diverse. The
most standard experiments assess aspects of the sample ef ciency of a given RL algorithm.
A typical experiment proceeds as follows. Choose an MDP, M, and a collection of learning
algorithms, A,,...,An. Allow each of the n algorithms to interact with the MDP for
some number of steps, H. Then, compare the total cumulative reward received by each
algorithm. In this way, we test the relationship between the amount of experience the

algorithm has and its overall cumulative reward.
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(a) Cumulative (b) Average

Figure 2.4. Example learning curves showing cumulative (left) and average (right) reward
for a variety of RL algorithms.

The results from such experiments are often represented as learning curves where the
X-axis denotes experience and the Y-axis is some measure of performance on the task,
either total reward accumulated or average reward accumulated per time step.

Example learning curves for each of the two algorithms discussed previously (R-Max
and Q-learning) acting in the Russell & Norvig grid world from Figure 2.1 are presented
in Figure 2.4. | additionally include two other approaches for further contrast. First,
a random actor (in orange) that does no learning, but simply always samples from the
uniform distribution over actions. Second, a more sophisticated version of Q-learning
called Delayed-Q (green) [30(, that enjoys similar theoretical guarantees to R-Max (both
are PAC-MDP).

The two curves present the same results from a slightly different perspective. On the
left, | show that mean cumulative reward over episodes, presented with 95% con dence
intervals from 100 runs of the experiment. On the right, | show the average reward per
episode, again with 95% con dence intervals (from the same 100runs).

These plots give us insight into how the different learning algorithms perform on this
grid world MDP. First note that on the rst handful of episodes, all of the algorithms

perform nearly identically, on average. This is because nearly any algorithm designed
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